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Abstract

The stability and instabilities of stationary solutions
to the nonlinear Schrodinger equation
and the sine-Gordon equation

Benjamin L. Segal

Chair of the Supervisory Committee:
Professor Bernard Deconinck
Department of Applied Mathematics

I present an analysis of the stability spectrum of all stationary elliptic-type solutions to
the focusing Nonlinear Schrodinger equation and the sine-Gordon equation. An analytical
expression for the spectrum is given. From this expression, various quantitative and quali-
tative results about the spectrum are derived. Specifically, the solution parameter space is
shown to be split into regions of distinct qualitative behavior of the spectrum. Additional
results on the stability of solutions with respect to perturbations of an integer multiple of
the period are given, as well as a procedure for approximating the greatest real part of the

spectrum.



TABLE OF CONTENTS

Page
List of Figures . . . . . . . . . e iii
Glossary . . . . . . . xi
Chapter 1: Introduction . . . . ... 1

Chapter 2:  The Stability Spectrum for Elliptic Solutions to the Focusing NLS Equa-
tlon . . . . . e e 4

2.1 Introduction . . . . . . . . ..
2.2 Elliptic solutions to focusing NLS . . . . . . .. ... ... ... ... .... 7
2.3 The linear stability problem . . . . . . . . .. ..o 11
2.4 The Lax pair . . . . . . . . . . e 13
2.5 The squared eigenfunction connection . . . . . . . . ... ... 15
2.6 The Lax spectrum in terms of elliptic functions . . . . . .. ... ... ... 17
2.7 'The o, spectrum on the imaginary axis . . . . . .. .. ... .. ... .... 19
2.8 Qualitatively different parts of the spectrum . . . . . . ... ... ... ... 23
2.9 Floquet theory and subharmonic perturbations . . . . . . . . ... ... ... 35
2.10 Approximating the greatest real part of the spectrum . . . . . . .. ... .. 44
2.11 Conclusion . . . . . . . . . . e 52
Chapter 3:  The Stability Spectrum for Elliptic Solutions to the Sine-Gordon Equation 54
3.1 Introduction . . . . . . . . . .. 54
3.2 Elliptic solutions . . . . . . . ... 58
3.3 The linear stability problem . . . . . . ... .. ... o 0oL 61
3.4 The Lax problem . . . . . . . . . . . . ... 62
3.5 The squared eigenfunction connection . . . . . . . . ... ... 64
3.6 The Lax spectrum in terms of elliptic functions . . . . . .. ... ... ... 65



3.7 The o, spectrum on the imaginary axis . . . . . .. .. ... .. ... .. .. 68

3.8 Qualitatively different parts of the spectrum . . . . . . .. . ... ... ... 73
3.9 Floquet theory and subharmonic perturbations . . . . . . . . ... ... ... 82
3.10 Conclusion . . . . . . . . .. 92
Chapter 4: Conclusion and Future Work . . . . . .. ... ... ... ... .... 93
Bibliography . . . . . . . 96

i



LIST OF FIGURES

Figure Number

2.1

2.2

2.3

24

2.5

2.6

Visualization of parameter space in terms of b and k with special solutions on
the boundaries labeled. . . . . . . . . .. ... oL

The parameter space for elliptic solutions in Weierstrass form (2.31). The cn,
dn and Stokes wave solutions are found on the boundaries of this space, with
the soliton solution occurring at the limiting point where the dn and cn curves

02 as a function of real ¢ for various values of b and k: (a) cn case with (k,b) =
(0.2,0.04); (b) dn case with (k,b) = (0.5,1); (c) general nontrivial-phase case
with one maximum with (k,b) = (0.8,0.8); (d) general nontrivial-phase case
with two maxima with (k,b) = (0.2,0.05). . . . ... ... ... ... ...

Parameter space split using (2.85) in the region for which a subset of o, UiR
is quadruple covered given by (2.85) (dark lower region), and only double
covered (light upper region). The lower region region comes to a point at

(B,b) = (V/2/2,1/2). . . .

A colored plot of parameter space with regions corresponding to different
qualitative behavior in the linear stability spectrum. Regions I and II: two
nested figure 8s; region III: non-self-intersecting butterflies; region IV: self-
intersecting butterflies; region V: one triple-figure 8 inside of a figure 8.

(1) o, for the trivial-phase cases and (2) the corresponding o, spectra (solid
lines), values for which Re (€2(¢)) = 0 (dotted). In (1), color corresponds to
region in Figure 2.5 and thickness of curves corresponds to single, double, or
quadruple covering going from thinnest to thickest. (a) Stokes wave solution,
regions I and II, (k,b) = (0,0.08); (b) dn solution, region III, (k,b) = (0.9, 1);
(c) cn solution with piercing, region I, (k,b) = (0.65,0.4225); (d) cn solution
without piercing, region IV, (k,b) = (0.95,0.9025). . . . . . . . . . ... ...

1l

24



2.7

2.8

2.9

2.10

2.11

(1) o, for the nontrivial-phase cases and (2) the corresponding o spectra
(solid lines), values for which Re (€(¢)) = 0 (dotted). In (1), color corresponds
to region in Figure 2.5. (a) Double-figure 8 solution, regions I and I, (k,b) =
(0.65,0.423); (b) non-self-intersecting butterfly solution, region III, (k,b) =
(0.9,0.95); (c) triple-figure 8 solution, region V, (k,b) = (0.89,0.84); (d) self-
intersecting butterfly solution, region IV, (k,b) = (0.9,0.85). . . . . . .. ..

(1) o, for the cases separating regions and (2) the corresponding o, spectra
(solid lines), values for which Re (Q(¢)) = 0 (dotted). In (1), color corre-
sponds to location in Figure 2.5. (a) Split between figure 8s and butter-
flies, (k,b) = (0.75,0.942384); (b) split between self-intersecting and non-
self-intersecting butterflies, (k,b) = (0.95,0.929542); (c) lower split between
figure 8 and triple-figure 8, (k,b) = (0.9,0.821993); (d) four-corners point,
(k,b) = (0.876430,0.863399). . . o o o v oo

(1) o, in the upper-half plane for a sequence of parameter values demon-
strating the boundaries of the triple-figure 8 region. (a) Two figure 8s, lower
region, (k,b) = (0.89,0.8); (b) lower boundary of triple-figure 8 region, (k,b) =
(0.895,0.819747), the enclosed figure 8 is not smooth at the top; (c) triple-
figure 8 near lower boundary, (k,b) = (0.895,0.84); (d) triple-figure 8 near
upper boundary, (k,b) = (0.887,0.85); (e) upper boundary of the triple-figure
8 region, (k,b) = (0.875,0.862349); (f) Two figure 8s, upper region, (k,b) =
(0.86,0.87). « o o ot

The real part of the spectrum Re(A) (vertical axis) as a function of pT'(k)
(horizontal axis). T'(k)u = 2mm/P for integers m and P corresponds to
perturbations of period P times the period of the underlying solution. (a)
Stokes wave solution, (k,b) = (0,0.08); (b) Stokes wave solution, (k,b) =
(0,0.9); (c) dn solution, (k,b) = (0.9, 1); (d) cn solution, (k,b) = (0.65,0.4225);
(e) cn solution, (k,b) = (0.95,0.9025); (f) triple-figure 8 solution, (k,b) =
(0.89,0.84); (g) non-self-intersecting butterfly solution, (k,b) = (0.9,0.95);
(h) self-intersecting butterfly solution, (k,b) = (0.9,0.85). . . ... .. ...

A plot of parameter space showing the spectral stability of solutions with re-
spect to various subharmonic perturbations. Lightest blue or darker (entire
region): solutions stable with respect to perturbations of the fundamental
period. Second lightest blue or darker: solutions stable with respect to per-
turbations of two times the fundamental period. Third lightest blue or darker:
solutions stable with respect to perturbations of three times the fundamental
period. Etc. . . . ..

v

28



2.12

2.13

2.14

2.15

3.1

3.2

The oy spectrum (black) along with the curve corresponding to greatest
real part of the o, spectrum (orange) satisfying (2.130). (a) Stokes wave
solution, (k,b) = (0,0.08); (b) dn solution, (k,b) = (0.9,1); (¢) cn solu-
tion with piercing, (k,b) = (0.65,0.4225); (d) cn solution without piercing,
(k,b) = (0.95,0.9025); (e) double-figure 8 solution, (k,b) = (0.65,0.423); (f)
non-self-intersecting butterfly solution, (k,b) = (0.9,0.95); (g) triple-figure 8
solution, (k,b) = (0.89,0.84); (h) self-intersecting butterfly solution, (k,b) =

Approximating the o, spectrum for cn solutions. Shown are the o, spectrum
(black solid curve), the curve corresponding to greatest real part of the o,
spectrum (orange solid curve), (q. at the intersection point of the black and
orange curves, the first-order approximation to o, around ¢; (light-blue dotted
curve), third-order approximation to o around (; (dark-blue dotted curve).
(a) A cn solution with piercing, (k,b) = (0.65,0.4225); (b) cn solution without
piercing, (k,b) = (0.95,0.9025). . . .. .. ...

(a) Comparison of the exact value for the greatest real part of o, for cn
solutions (black solid curve) with a first-order approximation (dark blue dotted
curve) and a third-order approximation (light blue dotted curve). (b) The
relative error of the approximations: |(approximation-exact)/exact|.

Approximating o, for cn solutions around the top of the figure 8. Shown are o,
(black solid curve), the curve corresponding to the greatest real part of o (or-
ange solid curve), the first-order approximation to o, around ¢; (lightest-blue
dotted curve), third-order approximation to o around (; (light-blue dotted
curve, fifth-order approximation to o around (; (dark-blue dotted curve,
seventh-order approximation to o, around (; (darkest-blue dotted curve). (a)
A cn solution, (k,b) = (0.8,0.64); (b) cn solution, (k,b) = (0.85,0.7225); (c)
cn solution, (k,b) = (0.88,0.7744); (d) cn solution, (k,b) = (0.9,0.81). . . . .

Phase portraits of the solutions showing both librational waves (closed orbits
inside the separatrix) in yellow for (a) and green for (b) and rotational waves
(orbits outside the separatrix) in blue for (a) and red for (b). The separatrix
is denoted in purple. . . . . ..o

Subregions of Parameter space. Colors correspond to solutions in Figure 3.1.
Blue: subluminal rotational (0 < |c¢|< 1, E < 0), orange: subluminal libra-
tional (0 < |¢| < 1, 0 < E < 2), green: superluminal librational (|c¢[> 1, 0 <
E < 2), red: superluminal rotational (0 < |¢|> 1, F > 2). Subregions ex-
tend to infinity in directions of arrows. Subluminal kink solutions occur for
E =0,0 <|c| < 1, and superluminal kink solutions occur for £ = 2, |c|> 1. .

20

52

57



3.3

3.4

3.5

3.6

3.7

3.8

3.9

02 as a function of real ¢ for subluminal and superluminal waves: (a) sublu-
minal: ¢ =0.4 and F =1, and (b) superluminal: ¢ =14 and £ = 1.

02 as a function of i¢, ¢ € R for subluminal and superluminal rotational
waves: (a) subluminal rotational: ¢ = 0.4 and F = —1, and (b) superluminal
rotational: c=14and E=3. . ... .. .. ... .

Parameter space with regions corresponding to different qualitative behavior
in the linear stability spectrum separated by black curves. Colors correspond
to solutions in Figure 3.1. Blue: subluminal rotational (0 < |¢|< 1, E < 0),
orange: subluminal librational (0 < |c¢|/< 1, 0 < E < 2), green: superluminal
librational (|e|> 1,0 < E < 2), red: superluminal rotational (0 < |c|>
L E>2) o

The stability spectrum for superluminal (a-d), subluminal (e-g), librational
(a,b,f,g) and rotational (c,d,e) waves. (a) c=1.5, E=1.5; (b) c=1.02, E =
1.8; (¢)c =11, E =22; (d) ¢ = 14, E = 24; (e) ¢ = 0.6, E = —0.75;
(f) ¢ = 0.6, E =1.0; (g) ¢ = 0.8, E = 1.5; Colors correspond to Figure 3.2,
thickness of lines corresponds to double or quadruple covering of spectrum. .

The Lax spectrum (black curves) for superluminal (a-d), subluminal (e-g),
librational (a,b,f,g) and rotational (c,d,e) waves. (a) ¢ = 1.5, E = 1.5; (b)
c=102,E=18;(c)c=11, E=22;(d)c=14, E=24;(e) c=0.6, E =
—0.75; (f) ¢ = 0.6, E = 1.0; (g) ¢ = 0.8, E' = 1.5. Red crosses signify values
of ¢ for which Q%(¢) = 0. Blue crosses signify values of ( € R for which o,
has a vertical tangent. . . . . . . .. .o

(1) The stability spectrum for the cases separating subregions and (2) the
corresponding Lax spectrum (black curves). Red crosses signify values of
for which ©%(¢) = 0. Blue crosses signify values of ( € R for which oy has
a vertical tangent. (a) Superluminal librational: ¢ = 1.03702, £ = 1.8, (b)
superluminal rotational: ¢ = 1.3, E = 2.27060 (c) subluminal librational:
c=0067148, E=1.5. . . . . . . .

The real part of the spectrum Re(\) (vertical axis) as a function of puT'(k)
(horizontal axis): for subluminal librational (a-b), superluminal librational
(c-e), and superluminal rotational (f-h) solutions. (a) ¢ = 0.6, E = 1.0; (b)
c=08 E=15(c)c=15 E=0.7;(d) c=15, E=15;(e) c=1.02, E =
1.8;(f)c=13,E=29;(g) c=14,FE=24; (h)c=21,F=68. .....

vi

70

74

76

79



3.10

3.11

3.12

A plot of parameter space showing the spectral stability of superluminal libra-
tional solutions with respect to various subharmonic perturbations. Within
the superluminal librational region, all solutions left of curve 2 are stable with
respect to perturbations of twice the period as well as perturbations of the
same period, all solutions left of curve 4 are stable with respect to pertur-
bations of four times the period, all solutions left of curve 6 are stable with
respect to perturbations of six times the period as well as perturbations of
three times the period, etc. . . . . . . . . ... Lo

The real part of the spectrum Re(\) (vertical axes) as a function of p7'(k)
(horizontal axes): pT'(k) = 2mm/P for integers m and P corresponds to
perturbations of period P times the period of the underlying solution. (a)
The superluminal solution is stable with respect to perturbations of three
times its period is necessarily stable with respect to perturbations of six times
its period. (b) If a superluminal rotational solution is stable with respect to
perturbations of five times its period, it is stable with respect to perturbations
of three times its period or perturbations of two times its period. (i) If the
ellipse-like curves are in (47/5, 67/5) they are necessarily in (27/3, 47/3) (red),
(ii) if the ellipse-like curves are in (27/5,47/5) and (67/5,87/5) they are
necessarily in (0, 7) and (, 27) respectively (blue), (iii) if the ellipse-like curves
are in (0,27/5) and (87/5,27) they are necessarily in both (0,7) and (7, 27)
respectively as well as (0,27/3) and (27/3,47/3) respectively (black). . . . .
A plot of the superluminal rotational region of parameter space showing the
spectral stability with respect to various subharmonic perturbations. Parame-
ter space is rescaled using the elliptic modulus k = 1/2/E, to show the extent
of the curves as £ — oo. Solutions within the blue (light blue, green, yellow,
red) region are stable with respect to perturbations of one (two, three, four,
five) times the period respectively. . . . . . . . ...

vil

87



ACKNOWLEDGMENTS

I would like to first thank Bernard Deconinck, my advisor and mentor. His unwavering
support and belief in me has allowed me to get to this point. The five years of research
retreats, game lunches, dessert parties, and many many group readings that he organized
have made our research group incredibly close, and for that I am very grateful. Along with
Bernard, I thank the rest of my supervisory committee Anne Greenbaum, Randy LeVeque,
Hong Qian, and Jim Riley — for their time and effort. Thanks also to Katie Oliveras, John
Carter and all of their students at Seattle University for your support and discussions during

our Math Methods reading group.

Although the work we completed together is not in this thesis, the privilege of collabo-
rating with Nghiem Nguyen, Henrik Kalisch, and Daulet Moldabayev was invaluable to my
progression as a graduate student. Thank you to Peter McGill for your collaboration on the
sine-Gordon equation; working with you last year was a joy. Thank you to Jeremy Upsal
for all of your editing. Your eyes have seen most of the work in this thesis. Thank you to
the rest of Bernard’s group who I have overlapped with throughout the years: Vishal Vasan,
Tom Trogdon, Olga Trichtchenko, Chris Swierczewski, Natalie Sheils, Xin Chen, and Ryan

Creedon.

I also need to mention my classmates who began the program with me and helped me
through the first year: Rosie Leung, Xin Chen and Ken Roche. Thanks to Kameron Harris
and Yian Ma for the climbing, skiing, and conversations. To Don Rim for all of our lunches
together before Soylent. To my officemates Lowell Thompson and Jake Price, our conversa-
tions and office competitions have kept school fun and competitive. And to Trevor Caldwell,

a friend since we roomed together over prospective student weekend back in 2012.

viil



I should also thank everyone from my various activities outside of the department over
the years, like the Husky Masters swim team, the Rubik’s cube club, and especially to all of
those I played ultimate frisbee with. Having breaks from work has kept me sane.

From Northwestern, thank you to my old roommates: Geoff Hill, who has been my family
in Seattle, and Kevin Shepherd, who never complains when I ask for last-minute copy editing.
And finally, thank you to my undergraduate academic advisors Alvin Bayliss and Vladimir

Volpert who inspired me to pursue this path and put me on the right track to success.

1X



DEDICATION

To my family: mom, dad, and Leah.



sn
or
or
UﬁﬂiR
UC\iR

NOTATION AND ABBREVIATIONS

The complex plane

Continuous bounded functions

Jacobi elliptic cn function

Jacobi elliptic dn function

The complete elliptic integral of the second kind
The integral condition

The ellptic modulus

Korteweg—de Vries equation

The complete ellptic integral of the first kind
The modified Korteweg-de Vries equation
The Floquet exponent

Nonlinear Schrodinger equation

Weierstrass p function

The sine-Gordon eqution

Jacobi elliptic sn function

The Lax spectrum

The linear stability spectrum

The o, on the imaginary axis

The closure of o, not on the imaginary axis.
Weierstrass o function

The period of the solution

Weierstrass ¢ function

x1



Chapter 1
INTRODUCTION

The study of the stability of nonlinear waves is a rich field which is constantly developing.
The particular area of research that this work focuses on is the study of integrable Hamil-
tonian systems. These equations occur in many mathematical and physical areas, including
water waves, nonlinear optics, plasma physics, astronomy, quantum mechanics, and more.
They are recognized and studied for their soliton solutions (spatially localized waves which
do not dissipate in time) and for their exact solvability of initial data by use of the Inverse
Scattering Transformation. In this thesis, I focus my attention specifically on the class of
stationary periodic traveling wave solutions, those which limit to the solitons for large period.

Most generically, stability theory addresses the question of whether or not solutions per-
sist when affected by small perturbations. A solution is considered stable if solutions with
nearby initial conditions remain nearby as time evolves. The study of stability is important
for applications in science and engineering as unstable solutions are not likely to be physi-
cally realizable. Understanding how and why solutions go unstable is of great importance.
Studying the stability and instabilities of traveling waves helps us understand the universe
at all scales, ranging from deformations along DNA double helix to the emergence of galaxies
and cosmological phenomena [53,72].

In the literature a few different definitions are used to describe stability. Most general
of them is nonlinear stability. We call a solution wu.(x,t) nonlinearly stable if for every
neighborhood U of u.(x,t) there exists a neighborhood V' of u.(z,t) such that all trajectories
u(z,t) which start in V' never leave U. Assuming we have a norm, this condition can be

written as

Ve > 0,35 > 0: ||u(x,0) — ue(z,0)||< 0 = ||u(z,t) — ue(x,t)||< €Vt > 0. (1.1)



It turns out this definition is too restrictive for Hamiltonian PDEs. This was discussed first
in detail in Benjamin’s 1972 paper on the stability of solitary waves in the KdV equation [9].
For Hamiltonian PDEs any small difference in initial velocity between two solutions can
manifest itself into a arbitrarily large phase shift in finite time.

A more apt definition for stability of traveling waves was introduced by Benjamin and
allows for a phase shift. This definition is an example of orbital stability and can be written

as
Ve > 0,30 > 0: ||u(x,0) — uc(z,0)||< 0 = in%Hu(a:,t) —u(z + 0, t)||[< €,V > 0. (1.2)
ToE

Prior to this work, using methods relying on integrability, orbital stability was shown for
stationary periodic solutions of the KdV equation [23], the defocusing NLS equation [12], and
the defocusing mKdV equation [26] with respect to subharmonic perturbations. Subharmonic
perturbations are periodic perturbations that have period equal to an integer multiple of the
base period of the solution.

A weaker form of stability is linear stability. We call a solution u.(z,t) linearly stable
if there exists small enough perturbations du(z,t) to u.(x,t) such that these perturbations
stay arbitrarily small for all time. Assuming we have a norm defined, this condition can be
written as

Ve > 0,30 > 0: ||du(x,0)||< 6 = ||ou(z,t)||< €Vt > 0. (1.3)

For Hamiltonian problems, a sufficient condition for linear stability is that the linear stability
spectrum consists of eigenvalues on the imaginary axis with a complete set of eigenfunctions.
If the eigenfunctions are not complete, instabilities can occur with polynomial growth rates.

The final definition of stability that we mention is spectral stability. This is the weakest
of the definitions of stability we mention. It only requires that the spectrum for the linear
operator has no positive real part. In the case of Hamiltonian systems, the spectrum is
symmetric with respect to the real and imaginary axes [71]. Thus the spectrum must be
purely imaginary for spectral stability. We note that spectral stability is a necessary condition

for linear stability and nonlinear stability.



In this thesis, most of our attention is focused on spectral stability and instabilities. This
is because most of the solutions studied here are spectrally unstable and hence linearly and
orbitally unstable. For the focusing NLS equation, as we demonstrate below, all stationary
elliptic solutions are spectrally unstable. For the sine-Gordon equation, except for in the
subluminal rotational case, all stationary elliptic solutions are spectrally unstable. The bulk
of this thesis focuses on classifying, these instabilities as much as possible. Fortunately, not
all hope for stability is lost. In Sections 2.9 and 3.9 we discuss the spectral stability of
particular solutions with respect to subharmonic perturbations. In a forthcoming paper we
prove the orbital stability of these solutions [28], with respect to these perturbations.

The outline of the thesis is as follows. In Chapter 2 we extend the methods of [11,12,26]
to the focusing NLS equation. We present an explicit method for determining an analytical
expression for the spectrum and detail various quantitative and qualitative results about
the spectrum. Additionally, we present results on the spectral stability of solutions with
respect to perturbations of an integer multiple of their period, as well as giving a procedure
for approximating the greatest real part of the spectrum. Following this, in Chapter 3 we
present similar results for the sine-Gordon equation. The work for the NLS equation was
done first, but Chapters 2 and 3 are self-contained and one can read Chapter 3 without
reading Chapter 2 if so desired. In Chapter 4, we conclude by highlighting where this work
fits in to a broader research project of studying the stability of periodic solutions to integrable

equations and we give some directions for further work.



Chapter 2

THE STABILITY SPECTRUM FOR ELLIPTIC SOLUTIONS
TO THE FOCUSING NLS EQUATION

In this chapter, I present an analysis of the stability spectrum of all stationary elliptic-type
solutions to the focusing Nonlinear Schrodinger equation. An analytical expression for the
spectrum is given. From this expression, various quantitative and qualitative results about
the spectrum are derived. Specifically, the solution parameter space is shown to be split into
regions of distinct qualitative behavior of the spectrum. Additional results on the stability of
solutions with respect to perturbations of an integer multiple of the period are given, as well
as a procedure for approximating the greatest real part of the spectrum. The methods used
in this chapter are not new, but expand on the techniques of [11,12,26] to accommodate a
problem where the linear operator associated with the stability problem is not self adjoint.

This chapter is published work [27].
2.1 Introduction
The focusing, one-dimensional, cubic Schrédinger equation (NLS) is given by
. 1 9
z\Ift+§\I/m+\I/|\II| =0. (2.1)

In the context of water waves, nonlinear optics, and plasma physics, ¥(z,t) represents a
complex-valued function describing the envelope of a slowly modulated carrier wave in a
dispersive medium [19,51,65,73]. The equation also arises in the description of Bose-Einstein
condensates [38, 58], where U represents a mean-field wave function.

We begin by looking at stationary solutions to (2.1) in the form

U = e o). (2.2)



Then ¢(z) satisfies
w6 = 3 00e — Sl (23)
The stationary solutions we study in this chapter are the elliptic solutions to this equation
and their limits. These solutions are periodic or quasi-periodic in x and limit to the well-
known soliton solution as their period goes to infinity. More details on the periodic and
quasi-periodic solutions relevant to our investigation are presented in Section 2.2.
Rowlands [60] was the first to study the stability of elliptic solutions. Using regular
perturbation theory, treating the Floquet parameter as a small parameter, he conjectured
that the stationary periodic solutions to focusing NLS are unstable. Since he expanded in
a neighborhood of the origin of the spectral plane, his calculations suggest modulational
instability for elliptic solutions of focusing NLS. More recently, Gallay and Haragus [34]
examined the stability of small-amplitude elliptic solutions, with respect to arbitrary peri-
odic and quasiperiodic perturbations. In a second paper [33], using the methods of [36,37],
they proved that periodic and quasiperiodic solutions are orbitally stable with respect to
disturbances having the same period. Also, they showed that the cnoidal wave solutions
(see below) are stable with respect to perturbations of twice the period. Haragus and Kapit-
ula [41] put some of these results in the more general framework of determining the spectrum
for the linearization of an infinite-dimensional Hamiltonian system about a spatially peri-
odic traveling wave. For the quasi-periodic solutions of sufficiently small amplitude, they
establish spectral instability. Following this, Ivey and Lafortune [42] examine the spectral
stability of cnoidal wave solutions to focusing NLS with respect to periodic perturbations,
using the algebro-geometric framework of hyperelliptic Riemann surfaces and Riemann theta
functions [8]. Their calculations make use of the squared eigenfunction connection as do ours
below. Additionally, they use a periodic generalization of the Evans function. This gives an
analytical description of the spectrum for the cnoidal wave solutions, which we replicate in
this chapter using elliptic functions. Lastly, we mention a recent paper by Gustafson, Coz,
and Tsai [39]. In this paper, the authors give a rigorous version of the formal asymptotic

calculation of Rowlands to establish the linear instability of a class of real-valued periodic



waves against perturbations with period a large multiple of their fundamental period. They
achieve this by directly constructing the branch of eigenvalues using a formal expansion and
the contraction mapping theorem. In terms of elliptic function solutions, their results are
limited to the cnoidal and dnoidal solutions. Using entirely different methods, we confirm
their results and extend their findings to nontrivial-phase solutions, in effect making the

results of Rowlands rigorous for all elliptic solutions of NLS.

In Sections 2.3, 2.4 and 2.5, using the same methods as [11,12,26], we exploit the integra-
bility of (2.1) to associate the spectrum of the linear stability problem with the Lax spectrum
using the squared eigenfunction connection [1]. This allows us to obtain an analytical expres-
sion for the spectrum of the operator associated with the linearization of (2.1) in the form
of a condition on the real part of an integral over one period of some integrand. However,
unlike in [11,12,26] the linear operator associated with the focusing NLS equation is not self
adjoint. The self adjointness of the linear operator was directly exploited in these papers and
that is not available here. Instead, we proceed by integrating the integrand explicitly. This
is done in Section 2.6. Next, using the expressions obtained, we prove results concerning the
location of the stability spectrum on the imaginary axis in Section 2.7. In Section 2.8, we
present analytical results about the spectrum, and we make use of the integral condition to
split parameter space into different regions where the spectrum shows qualitatively different
behavior. In Section 2.9 we examine the spectral stability of solutions against perturba-
tions of an integer multiple of their fundamental period confirming and extending results
of [33,34,39]. Finally, in Section 2.10 we discuss approximations to the spectral curves in C
found by expanding around known spectral elements. We use those approximations to give

estimates for the maximal real part of the spectrum.



2.2 Elliptic solutions to focusing NLS

The results of this section are presented in more detail in [18]. We limit our analysis to just

what is necessary for the following sections. We split ¢ into its amplitude and phase
o(x) = R(z)e®), (2.4)

where R(z) and 6(x) are real-valued, bounded functions of x € R. Substituting (2.4) into

(2.3), we find the standard Jacobi elliptic function solutions given by

R*(x) = b — k*sn?(x, k), (2.5)
1 s 3

0(z) = /0 R;(y)dy’ (2.7)

¢ =b(1—b)(b—k?). (2.8)

Here sn(z, k) is the Jacobi elliptic sn function with elliptic modulus & [17,52,55,70]. Besides
k, the only other parameter present is b, which is an offset parameter for the solutions. We
are not specifying the full class of parameters allowed by the four Lie point symmetries of
(2.1) [56]. Specifically, we are neglecting to include a scaling and a horizontal shift in z. The
use of a Galilean shift allows for the application of our results to traveling wave solutions
as well stationary solutions. The different symmetries are not included here as they do not
produce qualitatively different results to what is covered here, but the methods presented
apply equally well.

In order for our solutions to be valid, we require that both R?(z) and ¢? are real, positive,

and bounded. These conditions result in constraints on our parameters:

0<k<l, (2.9)

P <b<1. (2.10)

Of special importance is the boundary of this region, as many of the well-studied solutions

to (2.1) lie on the boundary. Specifically, when b = k? or when b = 1 we have that ¢ = 0 and



¢(z) = en(z, k) or ¢(x) = dn(z, k) respectively. Here cn(z, k) and dn(z, k) are the Jacobi
elliptic cn and dn functions respectively. These solutions are called trivial-phase solutions,
as there is no phase in ¢(x), i.e., ¢ = 0. These solutions are periodic in z, of period 4K (k)

and 2/C(k) respectively. Here

oy = [ (2.11)
k :/ dy, 2.11
0 1 — k2sin®y

is the complete elliptic integral of the first kind. As k — 1 these solutions approach the
well-studied stationary soliton solution of (2.1): ¢(x) = sech(z).

The other part of the boundary of parameter space occurs when k£ = 0. Here the am-
plitude of ¢(zx) is constant and thus the analysis of the solutions simplifies greatly. These
solutions are called Stokes wave solutions. They have the form ¢(z) = vVbexp (zxﬂ)
The stability of all these boundary cases has been examined to some extent in the literature.
See [34,42, 48], among others. Figure 2.1 depicts a plot of parameter space with labels for
the boundary cases.

We reformulate our elliptic solutions to (2.1) using Weierstrass elliptic functions [55]
rather than Jacobi elliptic functions. This will simplify working with the integral condition
(2.58) in Section 2.4, as formulas for integrating Weierstrass elliptic functions are well doc-
umented [17,35]. It is important to note that nothing is lost by switching to Weierstrass
elliptic functions, as we can map any Weierstrass elliptic function to a Jacobi elliptic function,
and vice versa [55]. Let

o(z +ws, g2,93) — €3 = <K<k)k)2sn2 (’C(k)z, k) : (2.12)

w1 w1

with go and g3 the lattice invariants of the Weierstrass o function, e;, e, and e3 the zeros of
the polynomial 4¢3 — got — g5, and w; and ws the half-periods of the Weierstrass lattice given

by

0 d
W = / - , (2.13)
e1 \/423 — 0§22 — g3

Wy = i / dz . (2.14)

—e3 \/423 — 22+ g3




0 1 k

Figure 2.1: Visualization of parameter space in terms of b and &k with special solutions on
the boundaries labeled.

We look for stationary solutions to (2.1) of the form (2.2). We split ¢ into its amplitude and
phase, letting
Gu(T) = Ry(2)e®@), (2.15)

where R, and 6, are expressed in terms of Weierstrass elliptic functions. Substituting this

ansatz into (2.3) gives solutions in Weierstrass form [21]:

Ou(z) — £ (log (“w(m Tt ““”92’93)) 4 2a + xw)Cw(a)) , (2.16)

2 Ow(T + Ty — G, o, g3)
R2 () = o — p(x + Tw, g2, 93), (2.17)
g2 = 122 + Ko, (2.18)
g3 = 4K, — 8ej — eg Ko, (2.19)
€y = —Q—W = 9(aw; g2, 93)- (2.20)

3
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Here o, and (, are the Weierstrass o and Weierstrass ¢ functions respectively [55], and w,

K, Kj, and x,, are free parameters. The constant a,, from (2.20) is given explicitly as

Ay = @71(6079%93)- (221)

We can recover the Jacobi elliptic solutions from these solutions by fixing the free parameters

w = % (14 k* —3b), (2.22)

K} =c=b(1-0b)(b— k), (2.23)
Ky = —4 (k* — 2bk* + 3b° — 2b) , (2.24)
.y = iK' (k), (2.25)

where K'(k) is the complement to K(k) given by K'(k) = K (1 — k?). Under this mapping

we have
4
%=3 (1-F+k), (2.26)
4
9= 5 (2 — 3k* — 3k + 2k°) (2.27)
1 2 1 2 1 2
6125(2—]{7), 6225(—14—2]{'), 63:§<_1_k)7 (228)
w1 = ]C(k'), W3 = Z’C/(k’) (229)

The homogeneity property of the Weierstrass p function [55],

1 1 _3
o, 92.95) = 93 0 (9321, 95927 ) (2.30)

allows us to rewrite (2.17) as

Ry (x) = — (gép <g§ (7 + zw), 1>939;%> - eo) , (2.31)

_3
which has only one varying lattice invariant gsg, *. This comes at the cost of rescaling x and

the magnitude of the Weierstrass p function. The formulation (2.31) allows for a display of
parameter space as in Figure 2.1, but using the Weierstrass parameters, see Figure 2.2. In
this figure, we see where the cn, dn, and Stokes wave solutions map to in the Weierstrass

domain.
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—(2) = VeV

$(x) = sech(z) ]

-1L . . —3/2
-0.2 0 02 9392

Figure 2.2: The parameter space for elliptic solutions in Weierstrass form (2.31). The cn,
dn and Stokes wave solutions are found on the boundaries of this space, with the soliton
solution occurring at the limiting point where the dn and cn curves meet.

2.3 The linear stability problem

To examine the linear stability of our solutions we consider
U(z,t) = e @ (R(x) + eu(x, t) + eiv(z, ) + O(Y)), (2.32)

where € is a small parameter and u(z,t) and v(z,t) are the real and imaginary parts of our
perturbation, which depends on both z and ¢. Substituting (2.32) into (2.1), isolating O(e)

terms, and splitting into real and imaginary parts, we obtain a system of equations

o[ u u -S L_ u L, S u
— =L = =J . (2.33)
ot \ o v —L, =S v -S L_ v
with
0 1
J = . (2.34)

I
—_
=)
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The linear operators £, £L_, and S are given by

1, 5 ?
L_ = —5633 —R (l‘) —w+ W, (235)
1 5 9 c?
£+ = —5896 — 3R (l’) —w+ W, (236)
o B cR () _c 1
S B T B T R R@) (237)

An elliptic solution ¢(z) = R(z)e?® is by definition linearly stable if for all € > 0 there
exists a 0 > 0 such that if ||u(z,0) + iv(x,0)||< § then ||u(x,t) + iv(z,t)||< € for all t > 0.
This definition depends on the choice of norm ||-|| which is specified in the definition of the
spectrum in (2.40) below.

Since (2.33) is autonomous in ¢, we separate variables to look at solutions of the form

, b U
wet) ) _ o [ U (2.38)
v(z,t) V(x)
resulting in the spectral problem
U U -S L_ U Ly S U
A =L = =J . (2.39)
Vv Vv —L, =S Vv -S L_ Vv
Here
op = {A € C:max (|U(2)], [V (2)]) < oo}, (2.40)
or
U,V e CY(R). (2.41)

In order to have spectral stability, we need to demonstrate that the spectrum o, does not
enter into the right half of the complex A plane. Since (2.1) is Hamiltonian [4], the spectrum
of its linearization is symmetric with respect to both the real and imaginary axis [71]. In
other words, proving spectral stability for elliptic solutions to (2.1) amounts to proving that
the stability spectrum lies strictly on the imaginary axis. In our case, we show that none
of the elliptic solutions are spectrally stable, as we demonstrate spectral elements in the

right-half plane near the origin for any choice of the parameters b and k.
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2.4 The Lax pair

We wish to obtain an analytical representation for the spectrum o,. As mentioned in the
introduction, this analytical representation comes from the squared eigenfunction connection
between the linear stability problem (2.33) and its Lax pair. We begin by formulating (2.1)

in a traveling frame, by defining

Wl t) = (1), (2.42)
so that v satisfies
. 1
iy = —wih — 51/}9090 - ¢|¢|2 (2'43)
This equation is equivalent to the compatibility condition y,; = X of the following Lax
pair [74]:
—iC
—* g
—iC 5P g
Xt = *2 ) *2 2 ) 22 % X <245)
Gyt i - AP
where * represents the complex conjugate [1,12]. Regarding (2.44) as a spectral problem

with ( as the spectral parameter:

o —
it —id,

X = (X (2.46)

we see that it is not self adjoint [49]. This means that the spectral parameter ¢ is not
necessarily confined to the real axis as it was for defocusing NLS [12] which makes our
analysis more difficult. Since the elliptic solutions are given by ¢ (x,t) = ¢(x), we restrict
the Lax pair to elliptic solutions by writing

Xz = e X; (2.47)

—¢* ¢
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i+ 0P+ o+ dos
Xe = *2 i *2 2 i 22 i X: (2.48)
—Cot+ 0y i — HloP—tw
Henceforth we refer to the spectrum of (2.47) as oy or informally as the Lax spectrum.

Specifically, o, consists of all  for which (2.47) has a bounded (in z) eigenfunction solution.

To determine o, we start by rewriting (2.48) in the short-hand form

A B
C —-A
where
PR
A=—i("+ | +zw, (2.50)
2 2
B=(o+ 56, (2:51)
C=—Co + %gb;;. (2.52)

Since A, B, and C are independent of ¢, we separate variables. Let

X(z,t) = e¥p(), (2.53)

with Q being independent of ¢ but possibly depending on x. Substituting (2.53) into (2.49)

and canceling the exponential, we find

A-Q B
c —-A-Q

©=0. (2.54)

In order to have nontrivial solutions we require the determinant of (2.54) to be zero. Using

the definitions of A, B and C, we get

1
0= A+ BC = ~¢*+w(® + e+ (—4wb _ 32— k:’4) , (2.55)

where k' = /1 — k2. We notice that € is not only independent of ¢ but also of . Thus €2 is

strictly a function of ( and the solution parameters.
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To satisfy (2.54), we let

o) =~(z) , (2.56)

where 7(z) is a scalar function. By construction of p(z), x(z,t) satisfies (2.48). Since (2.47)
and (2.48) commute, it is possible to choose v(x) such that x also satisfies (2.47). Indeed,
v(z) satisfies a first-order linear equation, whose solution is given by

v(x) = 7o exp (— / (4=¢ ; B. ¥ iCde> : (2.57)

For almost every ¢ € C, we have explicitly determined the two linearly independent solutions
of (2.47), i.e., those corresponding to the positive and negative signs of Q2 in (2.55). Assuming
Q) # 0 these two solutions are by construction linearly independent. In the case where (
corresponds to € = 0 the second solution to (2.47) can be determined via the reduction-of-
order method.

Since (2.47) and (2.48) share their eigenfunctions, oy, is the set of all ¢ € C such that
(2.56) is bounded for all z € R. Indeed, the vector part of ¢ is bounded for all z, so we

only need that the scalar function y(z) is bounded as x — £00. A necessary and sufficient

<Re<<A_Q)¢;Bz”<B)> =0, (2.58)

condition for this is

where (-) is the average over one period 2/C(k) of the integrand, and Re denotes the real
part. At this point, the integral condition (2.58) completely determines the Lax spectrum

or,.
2.5 The squared eigenfunction connection

A connection between the eigenfunctions of the Lax pair (2.47) and (2.48) and the eigenfunc-
tions of the linear stability problem (2.33) using a squared eigenfunctions is well known [1].

We prove the following theorem.
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Theorem 2.5.1. The vector

U _ efiH(x)X% _ eze(x)Xg (2 59)
v _Z'e—i@(x)X% Zez@(m)xg

satisfies the linear stability problem (2.33). Here x = (x1,x2)" is any solution of the Lax

pair (2.44-2.45) corresponding by direct calculation to the elliptic solution ¢(x) = R(x)e?®.

Proof. The proof is done by direct calculation. For the left-hand side of (2.33), evaluate
(ut, v¢) using the product rule and (2.45). Eliminate z-derivatives of v and v (up to order 2)
using (2.44). Upon substitution and using (2.47) and (2.48), the left-hand side and right-hand

side of (2.33) are equal, finishing the proof. O

To establish the connection between the o, spectrum and the o7 spectrum we examine
the right- and left-hand sides of (2.38). Substituting in (2.59) and (2.53) to the left-hand
side of (2.38) we find

efie(:v) 2 _ 61’9(9:) 2 U
201 e BRI S , (2.60)
—2.6_19(27)90% _ iez@(w)sog 4
and we conclude that
A = 2Q((), (2.61)
with eigenfunctions given by
U efia(:t) 2 _ eia(:p) 2
174 _ie—ze(x)w% _ iez@(m)gpg

This gives the connection between the o, spectrum and the o, spectrum. It is also necessary
to check that indeed all solutions of (2.39) are obtained through (2.60). This is not shown
explicitly here, but is done analogous to the work in [12].

Although in principle the above construction determines o, it remains to be seen how
practical this determination is. In the following section we discuss a technique for explicitly
integrating (2.58) using Weierstrass elliptic functions, leading to a more explicit characteri-

zation of o.
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2.6 The Lax spectrum in terms of elliptic functions

In terms of Weierstrass elliptic functions,

1 K
0= '+ W+ K+ T (—w2 - TQ) : (2.63)
while (2.58) becomes
21 (A —Q B, +1i(B
Re/ ( >¢“’; e 6B, (2.64)
0

with A and B given in (2.50) and (2.51). Substituting for ¢,, we find that (2.64) is of the
form

z =0, (2.65)

Re /m1 C1 + Cop(z) + 03@/(-’3)(1
0 Cy+ Csp(x)

here p(x) = p(x + 2y, g2, g3) with the dependence on z,,, g2, and g3 suppressed. The C;’s
depend on ¢ but are independent of z. They are given by
2w¢ K, w(

e B T )
1
Cy = _57 Cy = T (2.66)
) W 7
04:—Q<C)—ZC2+ZE, 05:—5

We can evaluate the integral in (2.65) explicitly [35]. We find

2w102 4(0105 — 0204) .
Re | 222 4 OB =L (G faen - i) | =0, (267
with
a=a(()=p" (—22—58792793> : (2.68)

Here o~ is a multivalued function, but for the sake of our analysis « is chosen as any value
such that p(a) = —C4(¢)/C5(C). Substituting for the C;’s, (2.65) becomes

4i (=K1 +4¢% — 2¢w — 4i¢Q(())

Re | —2iCw; + p
¢ (a)

(Cula)eor — <w<w1>a>] —0. (260

We simplify this further by recognizing that

o (0) = 46°(0) — gap(e) — g5 = 4(— C“@f’ . (— C‘*(O) S (@70)
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Substituting for C4(¢) and C5((), changing ¢g» and g3 to K; and Kj via (2.18) and (2.19)
respectively, and substituting in (2.63) for higher powers of (() gives

0 (@) = —4 (— K + 4¢3 — 2w — 4i¢Q(C))*. (2.71)
Thus (2.69) simplifies to
Re (—2iCwy + 27 (Cu(a)wi — Cu(wr)a)) =0, (2.72)

where 7 = sgn (Re (—K; + 4¢3 — 2¢w — 4i(Q(Q))) -
Under the mapping (2.29), and applying the formula for the Weierstrass ¢ function eval-
uated at a half period [17], (,(w1) = Ve1 — €3 <S(k) — e—llC(k)> , (2.72) becomes

€1—e3

Re [—2@'§1C(k) + 27 (gw(a)IC(k) — <5(k) — % (2— k) IC(k:)) a)] =0. (2.73)

w/2
E(k) = / \/1 — k2 sin? ydy, (2.74)
0

is the complete elliptic integral of the second kind. At this point, we have simplified the

Here

integral condition (2.64) as much as possible. Thus ¢ € o, if and only if (2.73) is satisfied.

To simply notation, let
](<> - —2ij1 + 2T (Cw(a>w1 - Cw(wl)a) ) (275)

so that (2.73) is
Re [I(¢)] = 0. (2.76)
Next, we wish to examine the level sets of the left-hand side of (2.76). To this end, we

differentiate I(¢) with respect to (. To evaluate this derivative we use the chain rule and

note that

O ir— o2 _ CalQdp [ Ca() _G@Y
wole) = vt - e (e o) (o) - e

Since
d C4(Q) 1 1

@@—1 <_m,ga,gg) = o (p_l (_22&2379279?))) o)
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we can use (2.71) to obtain

dI(¢)  28(k) — (14 b — k> + 4¢*) K (k)
T 200 . (2.79)

Simply taking the real part of (2.79) does not give another characterization of the spectrum.

Instead, if we think of (2.73) as restricting ourselves to the zero level set of the left-hand side.
Then we use (2.79) to determine a tangent vector field which allows us to map out level curves
originating from any point. This is explained in more detail in Section 2.8. Additionally,
there we see that (2.79) is useful in determining the boundary regions in parameter space

corresponding to qualitatively different parts of the spectrum.

2.7 The o, spectrum on the imaginary axis

In this section we discuss o, NiR. As we demonstrate, this corresponds to the part of oy,
lying on the real axis. Using (2.73) we obtain analytic expressions for o, N R, and thus for
or MR,

First, we consider ( € R. As we demonstrate below, (2.73) is satisfied for any real (.

Using (2.63) and (2.61), we determine the corresponding parts of o.

Theorem 2.7.1. The condition (2.73) is satisfied for all { € R.

Proof. Since k, IC(k), and £(k) are real, it suffices to show that a € iR and (,(a) € R.

Since (, with go,g93 € R takes real values to real values and purely imaginary values to

purely imaginary values [55], it suffices to show that a = ! <_g§8’ 92, 93> € iR. For

92,93 € R, p(R, go, g3) maps to [e1,00), and since p(iz, g2, g3) = —p(x, ga, —g3) we have that

Cy(Q)

o(iR, g2, g3) maps to (—oo, eg]. Thus we need to show that ¢, o3

C4(¢) and C5(¢), we want to show

< e3. Substituting for

1

G <2w —12¢% — 34/1 — 32 + k4 — 16¢C — 8C2 + 16¢4 — 2k2 (1 +4¢2) +2b (1 + k2 + 12{2)> < es.
(2.80)

Simplifying the left- and right- hand sides of this expression yields

4% + \/(1 + k2 —b—4C2)% 44 (2\/1')( — V(1 =b)(b— k2)>2 > 14k —0. (2.81)
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There are two cases. If 4C2 > 1+ k? — b we are done, as the square root term is nonnegative.

If 4¢%? < 1+ k? — b, we have

2
4¢% + \/(1+k2 —b—4§2)2+4<2§\/5— NG —b)(b—k2)> > 4¢2 44/ (1+ k2 — b— 4¢2)%
(2.82)
Since 1+ k? — b — 4¢? > 0, this gives (2.81) as we wished to prove. ]

At this point, we know that R C o. We wish to see what this corresponds to for o.

Looking at (2.63), we notice that

02 — —% ((1 PR b—a¢) 4 (20Vh— T B0 k2)>2> O 28)

For convenience define

So = {Q Q0P = —% ((1 R —b—4¢?) 44 (2<\/13— N k2)>2> and ¢ € O—L}

(2.84)
Thus when ¢ € R, 2(¢) € iR necessarily, since Q*(¢) < 0. Applying (2.61), we see that ¢ € R
corresponds to imaginary spectral elements of o,. Representative plots of ? are shown in
Figure 2.3. The subset of Sq corresponding to ¢ € R consists of (—o0, —i|Qy,|] U [i|Qn|, 00) ,
where €2, is the maximum value of €2. The set Sq is in general at least double covered as
for almost every value of ) there are at least two values of { which map to it. The spectrum
on the imaginary axis is quadruple covered if the quartic (2.63) has four distinct real roots
¢, as is the case in Figure 2.3(d) for Q% € (—0.0639, —0.0243).

The condition for a subset of the spectrum to have a quadruple covering is readily deter-
mined. We require that the quartic Q?(¢) has three critical values, i.e., that its derivative
has three distinct roots. Examining the discriminant of (2.63) with respect to ¢, we see that
if
1+ 3k + 3k* + kS

K < b
SUSToA Rk

(2.85)

then there is a region of the imaginary axis which is quadruple covered. We show a plot of

parameter space separated into two distinct regions by this condition in Figure 2.4. In the
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Figure 2.3: Q% as a function of real ¢ for various values of b and k: (a) cn case with
(k,b) = (0.2,0.04); (b) dn case with (k,b) = (0.5,1); (c) general nontrivial-phase case with
one maximum with (k,b) = (0.8,0.8); (d) general nontrivial-phase case with two maxima
with (k,0) = (0.2,0.05).
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0.2 0.4 0.6 0.8 1.0k

Figure 2.4: Parameter space split using (2.85) in the region for which a subset of o, UiR is
quadruple covered given by (2.85) (dark lower region), and only double covered (light upper
region). The lower region region comes to a point at (k,b) = (v/2/2,1/2).

upper region, the subset of o, on the imaginary axis has no quadruple covering. In the lower
region there is a quadruple covering.

To explicitly determine the location of the covering on the imaginary axis, we need the
local extrema of Q2. In the case when (2.85) is satisfied, the three extrema Q2 of )? satisfy
the cubic in Q2

—16k*(—1 + k?)* — 32 (—4k® + 32k" — 4k® + 27bgs) Q2+

(2.86)
256(—1 — 18b + 27b% + 10k* — 18bk* — k*)Q2 — 409605 = 0.

Labeling the real roots as Q2,, Q%, Q2 with Q2 < 02, < Q% we have that the o spectrum

is double covered on the region (—ioo, -2 Q§3> U (—2 0%, —2 Qzl> U (2\/(231, 2\/922> U
(2 02, z'oo) , and quadruple covered on the region <—2 02, —2 Q§2> U (2 02,24/ Q§3> .
If (2.85) is not satisfied, the o, spectrum has no quadruple covering, and is double covered

on the region (—ioo, 2 Qg) U (2 Qz*,ioo> , where Q2 is the only real root of (2.86).
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The extent of the spectrum o, on the imaginary axis vastly simplifies for the cnoidal
wave, the dnoidal wave, and the Stokes wave solutions because (2.63) is biquadratic in the
former two cases, and because k£ = 0 in the latter case. We detail these boundary cases
below giving the o, spectrum. For dn solutions, the imaginary axis is double covered on
the region (—ioo, —ik?/2) U (ik*/2,i00) . This confirms results in [24,48]. For cn solutions, if
k < v/2/2, the imaginary axis is double covered from (—ico, —i/2)U(i/2,ic0) , and quadruple
covered from (—i /2, —zkm) U (zkm, i/ 2) . Finally, for the Stokes wave solutions,
if b > 1/9, then iR C o, and is double covered. If b < 1/9, then the imaginary axis is still

fully double covered except from (=S, —S_)U(S_, S} ), where it is quadruple covered, here

\/—1 F+/(1—9b)(1 —b)+ 9 (—2 + /(1 —9b)(1 —b) + 3b)
Sy = . (2.87)
22

2.8 Qualitatively different parts of the spectrum

Up to this point we have discussed only the subset of o, that is on the imaginary axis. In
this section we discuss the rest of the spectrum. In general, for all choices of the parameters
b and k, a part of the spectrum o, is in the right-half plane (corresponding to unstable
modes). We split parameter space into five regions where m is qualitatively different.
Here o, \ iR refers to the closure of o, not on the imaginary axis.

We refer to Figure 2.5, which shows (k,b) parameter space with curves that split it into
regions where m spectrum is qualitatively different. The exact curves splitting up the
regions, as well as their derivations, are given below. In Figure 2.6(1) we show representative
plots of o, for the trivial-phase solutions on the boundary of parameter space, and in Figure
2.6(2) we show the corresponding o, spectrum. Additionally, we plot the ¢ choices for which
Q(¢) € iR. These curves are used to split up parameter space. The stability of trivial-phase
solutions has been well studied in the literature [24, 34,42, 48]. The Stokes wave solutions
have constant magnitude and their stability problem has constant coefficients. Thus it is

significantly easier to analyze.
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0.2 0.4 0.6 0.8 1.0k

Figure 2.5: A colored plot of parameter space with regions corresponding to different qual-
itative behavior in the linear stability spectrum. Regions I and II: two nested figure 8s;
region III: non-self-intersecting butterflies; region IV: self-intersecting butterflies; region V:
one triple-figure 8 inside of a figure 8.
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For the dn solutions, m consists of a quadruple covered finite interval on the real
axis. For Stokes wave solutions m consists of a single-covered figure 8, and m for
cn solutions consists of a double covered figure 8. There are two cases for the cn solutions.
Either o, N iR pierces the figure 8 (see Figure 2.6(1c)), or it does not (see Figure 2.6(1d)).
The exact value of k separating the closure of the regions is given below.

For these trivial-phase cases, much can be proven and quantified explicitly, i.e., not in
terms of special functions. Specifically, for the spectrum in the Stokes wave case we give a
parametric description for the figure 8 curve. For the spectrum for the dn case we calculate
the extent of the covering of o, NiR. For the spectrum in the piercing cn case, we give an
explicit expression for where the top (or bottom) of the figure 8 crosses the imaginary axis.
Additionally, we have an explicit expression for the tangents to o, leaving the origin in both
cn cases. In fact, we are able to approximate the spectrum at the origin using a Taylor series
to arbitrary order. These series give a good approximation to the greatest real part of the
figure 8 using only a few terms.

In the interior of parameter space we examine the nontrivial-phase solutions. Four cases
appear and plots of the o, spectrum for representative choices of k and b are seen in Figure

2.7. The cases are as follows

(2.7-1a) o, \ iR consists of two single-covered figure 8s, resulting in the degenerate double

covered case of o, \ iR for cn solutions.

(2.7-1b) We have a single-covered non-self-intersecting butterfly. As b — 1 the wings of this
butterfly collapse to the real axis and the spectrum for dn solutions is seen with a

quadruple covering on the real axis.
(2.7-1¢) o, \ iR is a single-covered triple-figure 8 inside of a single-covered figure 8.

(2.7-1d) o, \ iR consists of a single-covered self-intersecting butterfly, which is seen as a per-
turbation of o, \ ‘R for the cn solutions as the double covered figure 8 splits apart

horizontally.
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0.6 : 0.6 0.6,
0.4 0.4 04
0.5
0.2 N .
-0.10 -0.05 0.05 0.10 -1.0 -05 0.5 1.0 -0.10 -0.05 0.05 0.10 -0.10 -0.0 Qo5 040
-0.2 -0.2 0z
-0.5
-0.4 -0.4 -0.4
. o -0.6 -0.6
o (1b) (1c) (1d)
| S Y
(2a) (2b) (20) .

Figure 2.6: (1) o, for the trivial-phase cases and (2) the corresponding o, spectra (solid
lines), values for which Re (£2(¢)) = 0 (dotted). In (1), color corresponds to region in
Figure 2.5 and thickness of curves corresponds to single, double, or quadruple covering going
from thinnest to thickest. (a) Stokes wave solution, regions I and II, (k,b) = (0,0.08); (b)
dn solution, region III, (k,b) = (0.9,1); (c) cn solution with piercing, region I, (k,b) =
(0.65,0.4225); (d) cn solution without piercing, region IV, (k,b) = (0.95,0.9025).

In fact, there are two non-connected regions in parameter space for which we have two
single-covered figure 8s, but qualitatively the spectrum is the same so we do not show samples
from both regions.

For the nontrivial-phase case less can be determined explicitly. That said, we present
an explicit expression for the slope of the spectrum for any nontrivial-phase solution as it
leaves the origin. Since at least some of these slopes are finite, this settles the conjecture of
Rowlands [60] that all stationary solutions of (2.1) are unstable. Moreover, a Taylor series
expansion around the origin can be obtained for all cases and it well approximates the largest
real part with a small number of terms. Additionally, explicit expressions for the tops (or

bottoms) of the figure 8s in both cases with figure 8s are given.
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A starting point for solving (2.73) for ( is to recognize that if ¢ satisfies Q%(¢) = 0, then
¢ must satisfy (2.73). This is due to the fact that the origin is always included in o, and
hence in Sq. In fact, the four roots of the quartic 2% = 0 corresponds to the fact that 0 € o,
with multiplicity four. This is seen from the symmetries of (2.1) and by applying Noether’s
Theorem [47,65].

It may be instructive to see this explicitly. In the general case, the roots of Q?(() are

¢ :{”‘biﬂ—ﬂ’—’@ _Vl—bil.ﬁwm}

(2.88)

2 2 2 2

These roots are seen in Figures 2.6-2.8 (bottom) as the intersections between the solid and
dotted lines lying off of the real axis. Indeed, as long as b, k > 0, these points have nonzero
imaginary part, and other ( € m can be found by following the level curves of (2.73)
originating from these points. For convenience we label these four roots (i, (s, (3, (4, where
the subscript corresponds to the quadrant on the real and imaginary plane the root is in.
To better examine this we look at the tangent vector field to the level curve (2.76). If we

let ( = (, + i(,, then

Q) = 166+ 16) = ~2i(6: +i6)K() £2 (Gula)k) - (£ — 5 (2= #) K ) ).
(2.89)
The level curve {¢ € C: Re[I(¢)] = 0}, is exactly the condition for { € 0. Taking deriva-
tives with respect to (. and (; gives a normal vector field to the level curves of the general

condition Re [I(¢)] = C for any constant C, specifically, the normal vector is given by

<dRe [1(¢ +14G)] dRe[I(¢ + z‘@)])
d¢, ’ ¢ '

Thus, the tangent vector field is

(_dRe [I(gr + 'LCz)] dRe [I<C7" + ZCz)])
dQ ’ dCr .

By applying the chain rule and using the fact that Re[iz] = —Im[z], we have that the tangent

(o i) e ]

vector field to the level curves is
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0.6 0.6
0.6,
0.4 04 0.
0.2 2 0.
-0.10 -0.05 0.05 0.10 YV 5 04 -02 -0.1 0.1 0.2
-0.2 2 -0,
-0.4 ~0.4 -0.
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(2a) (2b) (2¢) (2d)

Figure 2.7: (1) o, for the nontrivial-phase cases and (2) the corresponding o, spectra (solid
lines), values for which Re (£2(¢)) = 0 (dotted). In (1), color corresponds to region in
Figure 2.5. (a) Double-figure 8 solution, regions I and II, (k,b) = (0.65,0.423); (b) non-
self-intersecting butterfly solution, region III, (k,b) = (0.9,0.95); (c) triple-figure 8 solution,
region V, (k,b) = (0.89,0.84); (d) self-intersecting butterfly solution, region IV, (k,b) =
(0.9,0.85).
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Substituting this back into (2.79), the tangent vectors are

(Im [25(/@ —(1+ 59—({/;? +4¢?) K(k)} e {28(1@ —(1+ 2bQ—<<k)2 +4¢?) IC(k)] )  20)

Thus, given a point in the o, spectrum (lying on the 0 level curve of Re [(({)]), we can follow

the tangent vector field to find other points in the o spectrum.

2.8.1 Stokes wave case

Applying this idea to the Stokes wave case, we see that generically

V1i—b V/1—-b V1-b .
= 5 5 T j:Z\/E,

Ce

i.e., there is a double root on the real axis and two conjugate roots. Following level curves

we see that

V(; € [—\/E, \/1—7], — 12_ b +1(; € 0. (291)

Substituting this into (2.63), we find that the o, spectrum for Stokes waves is given para-

metrically as a single-covered figure 8:

A=+ (2«/()@2 — (2 sgn({i)\/(l —b)(b— Cf)) for ¢; € [-Vb, V). (2.92)

Plots of the o7 and the o, spectra are seen in Figure 2.6(a) for k£ = 0, b = 0.08.

2.8.2 dn case

Similarly, in the dn case we find that

1+V1—-k  1—-+1—-k> 1—V1—Fk 1++v1—-k2
— i,— i|u i, i| € o, (2.93)
2 2 2 2
where [-, -] corresponds to the straight line segment between its two endpoints. Mapping this

back to o, via (2.63), we find that there is a quadruple covering of the real axis

[—\/1 TR k?] € or. (2.94)

Representative plots of these spectrum are seen in Figure 2.6(b). This corrects a typo in [48],

and confirms the conjecture made in [24].
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2.8.8 «cn case

For the cn case, less is known explicitly. Representative plots of the o spectrum are shown
in Figure 2.6(2c,2d). In both cases we have a quadrafold symmetry. The distinguishing
factor between the two cases in (c) and (d) is whether or not oy, \ R leaving (, crosses the
real axis or the imaginary axis. Examining (2.90) on the real axis we can determine the

condition for a vertical tangent to occur. This happens when

28 (k) — K (k)

= E T R

(2.95)

Equating ¢ = 0, we solve for k such that the vertical tangent occurs at the origin. With
2F(k*) — K (k*) = 0, we find that &* &~ 0.908909. This gives two cases: if k < k* then o, \ R
crosses the real axis, and if £ > £* then m crosses the imaginary axis. When k < k* we
know the crossing of the real axis occurs when ( satisfies (2.95). Mapping this back to o,

we see that this point corresponds to the top (or bottom) of the figure 8

V(1= E2)K2(k) — 2(1 — k2)E(k)K (k) + 52(/{)'

A= *+i KR

(2.96)

For all £ < k* the figure 8 is pierced by the covering on the imaginary axis as seen in Figure
2.6(1c), but as k — k*, (2.96) approaches +i/2 which is the extent of the covering on the
imaginary axis as seen in Section 2.7. Thus for k£ > k*, the figure 8 is no longer pierced by

oz NiR, as is the case in Figure 2.6(1d).

2.8.4 Nontrival-phase cases

Plots of generic cases of the o spectrum are seen in Figure 2.7(2a-d). The idea of whether
or, \ R crosses the real or imaginary axis still applies. The same analysis as above yields

conditions on when ( crosses the real axis. We find that when

¢ = jE\/Zz‘f(lc) —K(k) — (b—K2)K(k)

T , (2.97)
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or, \ R crosses the real axis. Mapping this back to o, this corresponds to the top (or bottom)
of the outside figure 8:

£2(k)
K2 (k)

E(k)

k
A= +i —2(1 = b)—= + (1 — 2b® — k2 + 20k?) +2c\/2& +k2—0b—1, (2.98)

K(k) K(k)

and the top (or bottom) of the enclosed figure 8 (or triple-figure 8):

£2(k)
K2 (k)

E(k)

k
A= +i —2(1 = byt 4 (1 — 262 — k2 + 2bk2) — 20\/2& +h2—b—1. (2.99)

K (k) K(k)

We note that ¢ < 0 in (2.97) corresponds to the top (or bottom) of the outside figure 8
in (2.98), while ¢ > 0 in (2.97) corresponds to the top (or bottom) of the enclosed figure 8
in (2.99). This is difficult to show directly, but is seen from the more general result that for
any ¢ € R, Q%(—|¢]) > Q*(|¢|), which is derived directly from (2.83).

Equating ¢ = 0 in (2.97) gives the condition for differentiating between figure 8’s and

butterflies:
28 (k)

= —1+Kk? .
b +k+l€(k:)

(2.100)

If b is less than this value the spectrum looks like in Figure 2.7(1a or 1c), and if b is greater
than this value the spectrum looks like in Figure 2.7(1b or 1d). In Figure 2.8(a) we show
the case when (2.100) is exactly satisfied.

Next we examine the slopes of the o, curves at the origin. Because o, = 25, it suffices
to examine the slopes for the set Sqg. We let Q2 = Q, +1€2;, and we consider (; as a function
of ¢, so that Q (¢, ;(¢.)). Applying the chain rule we have that the slope at any point in
the set Sq is

d@  d€/d¢,  de " dg de (2.101)
dQ, dQ,./d¢.  de. | de.da’ '
d¢, * de¢ de
where
d¢; B dRe(1)/d¢, (2.102)

d¢ dRe(I)/d¢



32

(2a) (2b) (2¢) (2d)

Figure 2.8: (1) o, for the cases separating regions and (2) the corresponding o spectra
(solid lines), values for which Re (©2(¢)) = 0 (dotted). In (1), color corresponds to location
in Figure 2.5. (a) Split between figure 8s and butterflies, (k,b) = (0.75,0.942384); (b) split
between self-intersecting and non-self-intersecting butterflies, (k,b) = (0.95,0.929542); (c)
lower split between figure 8 and triple-figure 8, (k,b) = (0.9,0.821993); (d) four-corners
point, (k,b) = (0.876430, 0.863399).
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We examine (2.101) near where 2 = 0 and ¢ = (.. The slopes around the origin are

oy (Wb(l —0)(b = k) + V1 = b(k* - 2b)) E(k)
=4+ : (2.103)
A2 (Vo= = V) (b= 1— Vol — 7)) £(k) + (1 = k2K (R))
a0, (2\/b(1 "0 — &) — VI bk — zb)) (k)
Bh L (2104)
A2, (\/W n ﬁ) (— (b 1= /(b — k2)> E(k) + (1 - k2)IC(k))
In the cn case (b = k?) the slopes at the origin simplify to
dh KE (k) (2.105)

A, T VI R2(E(k) — K(k))
For the cn solutions, these slopes are always finite. This is not necessarily the case for
nontrivial-phase solutions. Specifically, while the slopes in (2.104) are always finite, the

slopes in (2.103) can be infinite if
(b 1 /ol - k2)> E(k) + (1 — KK (k) = 0. (2.106)

Spectra corresponding to solutions for which this condition is satisfied are shown in in Figure
2.8(b). The condition corresponds to the splitting between the two butterfly regions, as well
as the upper splitting between the triple-figure 8 and the figure 8s regions. See Figure 2.5.
Further application of the chain rule can yield expressions for derivatives around the origin
of any order, and the same technique can be applied around the top of the figure 8s. In
doing this we can obtain Taylor series approximations of o, to any order.

Finally, an expression is obtained for the lower boundary of the triple-figure 8s and figure
8s regions. A representative example of this case is seen in Figure 2.8(c). The boundary
between these regions occurs at the bifurcation when o N 4R and o, \ iR have a threefold
intersection, see Figure 2.9(b). This occurs when

Rt(b,k) = \/ 2 (k) - ’qk)&(b ,f) k) + k) (2.107)

where Rt(b,k) is the smallest real root of the cubic equation

—c+ (-1+3b— k)Y +4Y° =0. (2.108)
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Figure 2.9: (1) o, in the upper-half plane for a sequence of parameter values demon-
strating the boundaries of the triple-figure 8 region. (a) Two figure 8s, lower region,
(k,b) = (0.89,0.8); (b) lower boundary of triple-figure 8 region, (k,b) = (0.895,0.819747),
the enclosed figure 8 is not smooth at the top; (c) triple-figure 8 near lower boundary,
(k,b) = (0.895,0.84); (d) triple-figure 8 near upper boundary, (k,b) = (0.887,0.85); (e) up-
per boundary of the triple-figure 8 region, (k,b) = (0.875,0.862349); (f) Two figure 8s, upper
region, (k,b) = (0.86,0.87).

This is seen directly as the left-hand side of (2.107) gives the point when Re(€2) = 0 intersects
the real axis and the right-hand side is (2.97), the point where o7, \ R intersects the real axis.

In Figure 2.9, we plot o, NC*. In C* there are two lobes to the triple-figure 8, one near
the origin and one away from the origin, see Figure 2.9(c,d). For triple-figure 8s near the
lower boundary of the region as in Figure 2.9(c), the lobe of o \ iR near the origin is larger
than the lobe away from the origin. In contrast, for triple-figure 8s near the upper boundary
of the region, see Figure 2.9(d), the lobe of m away from the origin is larger.

We also mention the four curves of m near the origin which we label i, ii, iii and iv in

Figure 2.9. These curves give a distinguishing feature between regions I and II in Figure 2.5
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both with two figure 8s. Specifically, the curves iii and iv of m for the enclosed figure
8 near the origin switch places. This is seen from examining the slopes of these curves in
(2.103) and also by comparing the relative positions of curves ¢ and d in Figure 2.9(a) and
Figure 2.9(f).

Lastly, we mention the four-corners point seen in Figure 2.8(d). This point occurs at the
intersection of (2.100) and (2.106), the intersection of all four nontrivial-phase regions. At
this point, m has vertical tangents at the origin as well as a four-way intersection point

on the imaginary axis corresponding to ¢ =0 in o7p.
2.9 Floquet theory and subharmonic perturbations

We examine o, using a Floquet parameter description. We use this to prove some spectral
stability results with respect to perturbations of an integer multiple of the fundamental
period of the solution, i.e., subharmonic perturbations.

Note that the solutions to the stationary problem (2.3) are not periodic in general, as
they may have a nontrivial phase. On the other hand, (2.39) is a spectral problem with
periodic coefficients since it depends only on R(z).

We write the eigenfunctions from (2.39) using a Floquet-Bloch decomposition
— e , U@ +Tk)=U), V(E+TFk)=V(). (2.109)

with p € [—n/T(k),n/T(k)) [12,24]. Here T'(k) = 2K(k) for all solutions, except T'(k) =
4KC(k) for the cn solution. From Floquet’s Theorem [24], all bounded solutions of (2.39) are
of this form, and our analysis includes perturbations of an arbitrary period. Specifically,
uw = 2mn /T (k) for m € Z corresponds to perturbations of the same period T'(k) of our
solutions, and in general,

2mm

- mPeZ 2.11

corresponds to perturbations of period PT'(k). The choice of the specific range of p is
arbitrary, as long as it is of length 27 /T'(k). For added clarity in this section, we plot some
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figures using the larger range [—27/T(k),27/T(k)), before modding out, reducing the p
interval to [—7/T(k), 7/T(k)).

In the previous sections o, is parameterized in terms of (. We wish to parameterize o,
in terms of ;. We examine the U eigenfunction from (2.109). From the periodicity of U we
have

it Ul +T(k))

M0 = =5 (2.111)

Using (2.62), (2.56), and (2.57), we have

Tk (A(z) — x) +i(B(x
T = oxp (—2/0 (A@) = e ;5;( ) +iCB( )d:E) exp (i0(T'(k))) , (2.112)

where we have used the periodicity properties

Az +T(k)) = A(z), B(z+T(k)) = B(x)e®®) 0 (x+T(k))=0(z)+0(T(E)).

(2.113)
Using (2.73),
21(¢) O(T(k)) 2mn
= 2.114
where I(() is given in (2.89), n € Z, and
) N ey, if b > k2,
(T (k)) = (2.115)

T, if b= k2,

from (2.7). Equation (2.114) relates the two spectral parameters ¢ and pu.

In what follows we discuss the stability of solutions with respect to perturbations of
integer multiples of their fundamental periods, so-called subharmonic perturbations [39].
The expression (2.114) gives an easy way to do this. Specifically, from (2.110) we know
which values of u correspond to perturbations of what type. For stability, we need all
spectral elements associated with a given p value to have zero real part. In Figure 2.10 we

plot the real part of o, as a function of uT'(k) using (2.61), (2.63), and (2.114). We rescale
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Figure 2.10: The real part of the spectrum Re()\) (vertical axis) as a function of pT'(k)
(horizontal axis). T'(k)u = 2mm/P for integers m and P corresponds to perturbations of
period P times the period of the underlying solution. (a) Stokes wave solution, (k,b) =
(0,0.08); (b) Stokes wave solution, (k,b) = (0,0.9); (c¢) dn solution, (k,b) = (0.9,1); (d)
cn solution, (k,b) = (0.65,0.4225); (e) cn solution, (k,b) = (0.95,0.9025); (f) triple-figure 8
solution, (k,b) = (0.89,0.84); (g) non-self-intersecting butterfly solution, (k,b) = (0.9,0.95);
(h) self-intersecting butterfly solution, (k,b) = (0.9, 0.85).
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u by the fundamental period T'(k) for consistency in our figures. Specifically,

2mm

corresponds to perturbations of PT'(k) for any integer n. In what follows, we omit o, NiR.

2.9.1 Stokes wave case

We begin with the spectrum for Stokes waves (see Figures 2.10(a,b)). After simplification,

uT' (k) = —2msgn(s)Vb — s + 2mn, (2.116)
Re(\) = £2vbs? — s4, (2.117)

for s € [=v/b,v/b] and n € Z. Qualitatively, for any value of n, the parametric plot of Re (o)
as a function of uT'(k) looks like a figure 8 on its side. Specifically, The figure 8 is centered
at (27n,0) and extends left and right to (27n #+ 27v/b,0), with non-zero values in between,
see Figures 2.10(a,b). This leads to the following theorem:

Theorem 2.9.1. For any positive integer P, Stokes wave solutions to (2.1) with b < 1/P?

are stable with respect to perturbations of period Pr.

Proof. First, T(k) = T(0) = m. Let P € Ny. For stability with respect to perturbations
of period PT (k) we need that for uT'(k) = 23, the spectral elements A € o, have zero

real part, i.e., for pT'(k) = 0, Qg,..., I; , Re(A\) = 0. From (2.116), uT'(k) = 0 only

when s = 4v/b, which corresponds to Re(\) = 0 from (2.117). Thus it suffices to consider
pT(k) =25, M Qualitatively, we have figure 8s centered at puT'(k) = 27n extending
over [2n —21v/b, 27m+27r\/— b]. Specifically, as s ranges from —+v/b to 0, T’ (k) monotonically
increases from 2mn to 2m(n++v/b). Over the same range, |Re()\)| increases from 0 (at s = —+/b)
to b (at s = —/b/2) then decreases back down to 0 (at s = 0) mapping out the right-half of
the figure 8. For s € (0,v/b), the left-half of the figure 8 is produced symmetrically. Relevant
to the interval [0,27) are the figure 8s centered at 0 and 27. If the right-most edge of the

figure 8 centered at pT'(k) = 0 is less than 27/P and the left most edge of the figure 8
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centered at p1'(k) = 27 is greater than 27(P — 1)/P, then the real part of the spectrum at

uT' (k) = 2?”, . 2”(];_1) is zero. These conditions are
2 2n(P —1
27y < 2F and 27 — 20vp > XD (2.118)
P P
Simplifying both conditions gives 0 < b < 1/P?, completing the proof. m

For more intuition about this result, one can examine Figure 2.10. In Figure 2.10(a),
b= 0.08. Here b < 1/P? for P = 1,2, 3 so this Stokes wave solution is stable with respect
to perturbations of periods , 27, 3w. This is readily seen in Figure 2.10(a) where the figure
8 centered at the origin extends to uT'(k) = #+27v/0.08 ~ 0.5677, so Re(\) = 0 when
pT'(k) =0,2m/3, 7,47 /3, 2. In Figure 2.10(b), b < 1/P? only for P = 1, so the Stokes wave
solution is only stable with respect to perturbations of the fundamental period 7. Indeed,
the figure 8 centered at the origin extends to uT'(k) = £271/0.9 &~ 1.907, so Re()\) = 0 only
for uT'(k) = 0.

In order to proceed with results for the dn, cn, and general nontrivial-phase solutions we

provide the following useful lemma:

Lemma 2.9.2. For any analytic function f(z) = u(z,y) + iv(x,y), on a contour where
u(z,y) = constant, v(x,y) is strictly monotone, provided the contour does not traverse a

saddle point.
Proof. This is an immediate consequence of the Cauchy-Riemann relations [10]. O

Thus along contours where Re((¢)) = 0, if there are no saddle points, then Im(7(()) is
monotone. If we fix b and k, using (2.114) we see that u(¢) is also monotone along curves

with Re(¢) = 0.

2.9.2 dn case

A representative plot of uT'(k) vs Re()) for a dn solution is shown in Figure 2.10c. We prove

the following theorem:
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Theorem 2.9.3. The dn solutions to (2.1) are stable with respect to co-periodic perturba-

tions, but not to subharmonic perturbations.

Proof. Tt suffices to consider values of ¢ in the range given by (2.93), as these are the only (

which correspond to A with positive real part. We can limit our study to

c 1—V1—-k2 1++V1—Fk?
.
2 ’ 2

¢ i) = [va Ct] )

as ¢ with negative imaginary part correspond to symmetric values of uT'(k). For ¢ = (,
pT'(k) =0, and Re(A\) = 0. Similarly, for ¢ = (,, uT'(k) = 27, and Re(\) = 0. From Lemma
2.9.2 we know that pT(k) increases monotonically as ¢ ranges from (; to (;, and since
Re(A(¢)) > 0 in that range we have that some ¢ in the range will correspond to a A with
positive real part. Hence, dn solutions are unstable with respect to perturbations other than
their fundamental period. Additionally, since (; and (; are the only values of ( corresponding
to uT'(k) = 2mn we have that dn solutions are stable with respect to perturbations of their

fundamental period. [

2.9.8 cn case

Note that T'(k) = 4K (k) for cn solutions.

Theorem 2.9.4. The cn solutions with k < k* are stable with respect to perturbations of

period PT(k), if they satisfy the condition:

2T

for
v2E(k) — K(k) (2.120)

“ = KD

Proof. We examine ( € oy, that satisfy (2.73), see Figure 2.6(2¢). The figure 8 spectrum is

double covered, so without loss of generality, we consider only values of ( in the left-half plane.

Specifically we consider values of ¢ ranging from (. = —YA=k2 _ gz to (. = —”12_’“2 —

k. . .
5 51 passing
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along the level curve through ( = —(;. At (_, uT'(k) = 0 and Re(\) = 0. As ¢ moves from (_
to —(;, #T'(k) monotonically increases (Lemma 2.9.2) until it reaches 1, T'(k) = m — 2il(—()
at ¢ = —(;. At —(;, Re(A\) = 0. Note that we are only considering the lower-left quarter
plane. The analysis for ¢ ranging from (, to ¢; is symmetric in pT'(k).

The only values of ¢ which have Re(\) > 0 are within the ranges [2mn — f, 2770 + ).
As in Theorem 2.9.1, relevant to the interval [0,27) are the figure 8s centered at 0 and 27.
For stability the right-most edge of the figure 8 centered at uT'(k) = 0 needs to be less than
27 /P and the left-most edge of the figure 8 centered at uT'(k) = 27 to be greater than
27(P — 1)/ P. These conditions are

27 (P —1)
P Y

which are the same conditions as (2.119). O

2
e < % and 27w — py > (2.121)

Theorem 2.9.5. The cn solutions with k > k* are stable with respect to perturbations of

period T'(k) and period 2T (k).

Proof. We examine ¢ € oy, that satisfy (2.73), see Figure 2.6 (2d). Similar to the proof of
Theorem 2.9.4 we consider ¢ in the lower-left quarter plane only. The parameter { ranges
from (3 to (; with ¢, € iR. At (3, uT'(k) = 0, and Re(\) = 0. As ¢ moves to (;, we know that
uT' (k) increases monotonically (Lemma 2.9.2) until it reaches (;. We do not know explicitly
where on the imaginary axis (; is, but it satisfies (2.73). For any ¢ on the imaginary axis, we
can compute directly p7'(k) = m, Re(A) = 0. Thus the figure 8 centered at uT'(k) = 0 extends
outward to pT'(k) = m. Similarly, using symmetries, the figure 8 centered at u7'(k) = 27
extends backward to uT'(k) = m, see Figure 2.10(e). Both figure 8s have Re(\) = 0 at
uT (k) = 0 and uT'(k) = m, so we have stability with respect to perturbations of periods
2T (k) and T(k). O

2.9.4  Nontrivial-phases cases

Theorem 2.9.6. Nontrivial-phase solutions in the figure 8s region and the triple-figure §

region are stable with respect to subharmonic perturbations of period PT (k) if they satisfy
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the condition
27

O(T(k)) = 2(=G) < (2.122)

with

_ V2E(k) = K(k) = (b— k) (k)
B 2/K(k) '

Proof. We examine ¢ € oy, which satisfy (2.73), see Figure 2.7(2a,2c). Recall that (; cor-

Gt (2.123)

responds to the root of Q?(¢) in the ith quadrant from (2.88). The ¢ spectrum has three

components which we examine separately:

1. ¢ strictly real, corresponding to oy MNiR.

¢ strictly real corresponds to A strictly imaginary, so these values do not need to be

examined further.

2. ¢ ranging between (3 and (y, corresponding to the outside figure 8.

For ¢ ranging between (3 and (, we follow identical steps from the proof of Theorem
2.9.4. Taking the right-most edge of the outside figure 8 centered at uT'(k) = 0 to be
less than 27/P and the left-most edge of the outside figure 8 centered at uT'(k) = 27
to be greater than 27(P — 1)/P, we arrive at analogous conditions to (2.121) which
reduce to (2.123) as desired. Note that we have shown only that (2.123) is a necessary

condition.

3. ¢ ranging between (4 and (q, corresponding to the enclosed figure 8 or the triple-figure

8.

For ¢ ranging between (4 and (7, we know from Section 2.8 that this corresponds to the
enclosed figure 8 (or triple-figure 8). Specifically, the top of this figure 8 (or triple-figure
8) is lower than the top of the other figure 8. It suffices to show that the extent of this
figure 8 (or triple-figure 8) in pT'(k) is less than that of the larger figure 8. Indeed, if
the enclosed figure 8 (or triple-figure 8) extends less in p7'(k) than the larger figure 8

does, then the stability bounds above are sufficient.
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02 04 06 08 10°

Figure 2.11: A plot of parameter space showing the spectral stability of solutions with respect
to various subharmonic perturbations. Lightest blue or darker (entire region): solutions
stable with respect to perturbations of the fundamental period. Second lightest blue or
darker: solutions stable with respect to perturbations of two times the fundamental period.
Third lightest blue or darker: solutions stable with respect to perturbations of three times
the fundamental period. Etc.

It suffices to show that —2i1((;) < —2iI(—(;). Let g(¢) = —2il(¢). We know ¢(¢) is a

real-valued function with real coefficients for ¢ € R. Furthermore, from (2.79),

dg(¢)  2E(k) — (1 +b— k> +4¢%) K(k)
T T . (2.124)

The only roots of dg(¢)/d¢ are ¢ = £¢,. By checking d*g(¢)/d¢? we see that g((;) is

a local minimum and g(—¢;) is a local maximum. Since there are no other extrema,

g(—¢) > g(¢) and (2.123) is a sufficient condition.

]

Theorem 2.9.7. Nontrivial-phase solutions of butterfly type are stable with respect to per-

turbations of the fundamental period.
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Proof. We examine ( € oy, satisfying (2.73), see Figure 2.7(2b,2d). The ( spectrum consists

of three components:

1. ¢ strictly real, corresponding to o, C iR.
2. ( ranging between (3 and (4, corresponding to two of the butterfly wings.

3. ( ranging between (, and (;, corresponding to the other two butterfly wings.

Case 1 consists only of values of ( corresponding to A with zero real part so it need not
be examined. Cases 2 and 3 are symmetric in p so it suffices to look at case 2. With
¢ = (3, uT'(k) = 0 with Re(A) = 0. Then, from Lemma 2.9.2, 4T'(k) increases monotonically
as ¢ varies from (3 to (4. At ¢ = ({4, pT(k) = 2w, with Re(\) = 0. Because of the
monotone increase in pT'(k), (3 and (4 are the only possible values of ¢ which correspond
to uT'(k) = 0,27. Since Re(A) = 0 for both of these values of ¢, we have stability for
perturbations of period T'(k) as desired. O

The above results are summarized in Figure 2.11 where we plot the different regions
of parameter space corresponding to spectral stability with respect to different classes of

subharmonic perturbations.

2.10 Approximating the greatest real part of the spectrum

In this section we find an approximation to the value of the spectral element o,,,, € o, with
greatest real part. This value is significant because it corresponds to the eigenfunction with
the fastest growth rate. For the Stokes wave case and for the dn solution case Re(0,4x)
is known explicitly, so in this section we focus on approximating o,,,. for the cn solutions
and nontrivial-phase solutions. In the Stokes wave case Re(0,,4,) = b. This is seen from
maximizing the real component of (2.92). For the dn solution case, from (2.94) we know

that the spectrum extends to Re(0y4.) = V1 — E2.
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From (2.101) and (2.102) we have an expression for the slope at any point in the set Sq.
Omaz OCcurs when the slope at that point is infinity, i.e., when the denominator in (3.108) is

identically zero:

dQ, dQ, d¢
= 0. 2.125
i G (2.125)
To simplify this equation we note that the expressions for d€2,./d¢, and df2,d¢; are found

using (2.83) by substituting in Q = Q, 4+ i€Q; and ¢ = (, + i(;, taking real and imaginary
parts, and differentiating with respect to ¢, and (;. For the expression d¢;/d¢, we use (3.109)
and the fact that

dRe(I) _ [dI
dRe(I) dI

from Section 2.8. Using (2.79), we find the real and imaginary components of d//d( as

AT 28(k)Q + K(k) (=8G6% — (14 b — k2 +4¢2 — 4¢2) Q)
drl  28(k)Q — K(k) (—8G¢ Q2 4+ (1 +b— K 4+ 4¢2 — 4¢2) Q)
] = - 2+ o
Using (2.83), (2.128), and (2.129) we simplify (2.125):
(— 1430+ k" +16¢' — 2b (—1 + 2k + 8¢(7)
T 8¢G, + 16¢2 + 32C7C + 1664 + 8K7(2 — C)K(R) (2.130)

+ (2 —6b + 2k + 8¢ — 24¢7) E(k) = 0.

This equation gives a condition on the real and imaginary parts of (. By construction, if
(2.130) and (2.73) are satisfied, then { € o7 maps to y,4,. We denote such ¢ as (o We
note that in the trivial-phase case, (2.130) is an equation for a conic section in the variables
¢? and (2. In Figure 2.12 we plot values of ((., ;) which satisfy (2.130) along with values of
¢ = (- + i¢; satisfying (2.73). The intersection of these curves gives (az-

By simultaneously solving (2.130) and (2.73) and substituting into (2.61) and (2.63) we

have an exact expression for o,,,,. For the rest of this section we generate series expansions
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Figure 2.12: The o, spectrum (black) along with the curve corresponding to greatest real part
of the o, spectrum (orange) satisfying (2.130). (a) Stokes wave solution, (k,b) = (0,0.08);
(b) dn solution, (k,b) = (0.9,1); (c¢) cn solution with piercing, (k,b) = (0.65,0.4225); (d)
cn solution without piercing, (k,b) = (0.95,0.9025); (e) double-figure 8 solution, (k,b) =
(0.65,0.423); (f) non-self-intersecting butterfly solution, (k,b) = (0.9,0.95); (g) triple-figure
8 solution, (k,b) = (0.89,0.84); (h) self-intersecting butterfly solution, (k,b) = (0.9, 0.85).
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for (2.73) and show that even using low-order approximations we are able to reproduce much
of the spectrum, including o,,qz.

From Section 2.8, we know a few points of o explicitly. Because the functions we are
working with are analytic, we can perform series expansions around these explicitly known
points. The points we have explicit expressions for are (., i.e., the ( corresponding to
A = 0, and (;, the ¢ corresponding to the tops of the figure 8 or triple-figure 8. In what
follows we outline a procedure for finding an approximation to points in S around these
explicitly known points. These expansions provide approximations to the set S, and using
the mapping (2.61) and (2.63), results in approximations to the o, spectrum.

Procedure for finding a series approximation to ¢ satisfying (2.73) around (.:

1. Expand the expression inside the real part of (2.73) around (. in a Puiseux series [30)]

to give:

Re (a1 + b11) (¢ = €)% + (ag + bai) (¢ — C)** + (a3 + bsi) (¢ — ()*2 +...) =0,
(2.131)
where a;, b; € R are the real and imaginary parts of the coefficients of the terms in the

Puiseux series.

2. Let

6 =0, +1i6; = (C — ¢)Y?, (2.132)

for 6,,6; € R. Then (2.131) becomes

Re ((a1 + b14)6 + (az + b2i)0° + (az + bsi)d° + O(67)) = 0. (2.133)

3. Near ¢ = (., ¢ is small. Let 6 = 0,.(d;) + 90;, with

6-(8;) = 016; + 0367 + 6507 + O(57). (2.134)
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4. Substituting (2.134) into (2.133) and simplifying the expression on the left-hand side,

we equate powers of 9; to solve for 1, d3, Js, . . . sequentially. We find
by
51 =— 2.135
1 a, ) ( )
53 :3afagbl — 61,3[7:13 —4 a?bg + 3&11)?63’ (2136)
ay
1
55 :y (a?b5 — a?(?)agbg + 5&561) + azllbl (9@3 — 10[)165 — 6b§> + 10@?[)?(3&3[)3 + CL5b1)
1
+ @b} (—12a3 + 5bibs + 18b3) — a1b}(15a3bs + asby) + 3a§b§> :
(2.137)

5. Solving (2.132) for ¢ results in an approximation for ¢ as a function of §; in terms of

its real and imaginary parts:
¢ = 0:(6:)* = &7 + Re(Ce) + (20,(8:)0; + Im(C)) i (2.138)

We call (2.138) an nth-order expansion where n is the largest power of (; from (2.134)

included. For instance, a third-order expansion for ( is

¢ = (518 + 0569)" — 62 + Re(C.) + (2 (818 + 8507 8 + Im(C.)) . (2.139)

First- and third-order approximations to (2.73) around (. are shown in Figure 2.13 for the
two types of cn solutions. Although the expansion is only guaranteed to be valid around (.,
the first-order expansion approximates o, well up to (and past) the point where 0,4, occurs.
With this in mind, we present Figure 2.14, comparing the exact value of the greatest real part
of the spectrum and the approximate value. From this figure, generally the approximation
performs better in the piercing case (k < k*) than in the non-piercing case (k > k*). Also,
with just the first-order approximation we get a maximum relative error of less than 18%.
For third-order, the maximum relative error is less than 1%, and for fifth-order this decreases

to less than 0.1%.
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Figure 2.13: Approximating the o spectrum for cn solutions. Shown are the o, spectrum
(black solid curve), the curve corresponding to greatest real part of the o, spectrum (orange
solid curve), (na.: at the intersection point of the black and orange curves, the first-order
approximation to oy around (; (light-blue dotted curve), third-order approximation to oy,
around (; (dark-blue dotted curve). (a) A cn solution with piercing, (k,b) = (0.65,0.4225);
(b) cn solution without piercing, (k,b) = (0.95,0.9025).
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Figure 2.14: (a) Comparison of the exact value for the greatest real part of o, for cn solutions
(black solid curve) with a first-order approximation (dark blue dotted curve) and a third-
order approximation (light blue dotted curve). (b) The relative error of the approximations:
|(approximation-exact) /exact|.

Using the approximations to 0,,.,, we can obtain an approximation to the eigenfunction
profile with the largest growth rate. This is achieved by substituting (.. into (2.62) using
(2.56) and (2.57). The approximation for (., does not exactly satisfy (2.58) and in order
to find a bounded eigenfunction we subtract the left-hand side of (2.58) from the exponent
in (2.57). Indeed, with (e, in Figure 2.13 the left-hand side of (2.58) is small in magnitude.
For example, when k = 0.65, the left-hand side of (2.58) is 0.0014 for the first-order approx-
imation and 0.00034 for the third-order approximation. These values should be compared
with 0.22 when ( is chosen to correspond to a point in the middle of the figure 8.

In addition to expanding around (., we can also expand (2.73) around { = (;, correspond-
ing to the top of the figure 8 or triple-figure 8. Note that we cannot do so if we are in the

butterfly region or in the cn region without piercing, thus we require

2 (1)

b+1—k*—
- K (k)

<0. (2.140)

Since we are expanding around a point where the expression inside the real part of (2.73) is
analytic, we can use a Taylor series instead of a Puiseux series which vastly simplifies the
analysis.

Procedure for finding an approzimation to ¢ satisfying (2.73) around (;:



ol

1. Expand the expression inside the real part of (2.73) around (; in a Taylor series to give

Re [(a1 +019)(¢ — G) + (a2 + boi) (¢ — &) + (az +b31) (¢ — ¢)° +...] =0, (2.141)

where a;, b; € R are the real and imaginary parts of the coefficients of the terms in the

Taylor series. In fact, all a;’s are identically zero, and b; = 0 so that

Re [bai(¢ — G)* + b3i(¢C — ¢)* +...] = 0. (2.142)

2. Let
0=0,+10; =C—(, (2.143)

for 6,,6; € R. Then (2.142) becomes

Re [b2i6” + bsid® + O(6%)] = 0. (2.144)

3. Near ¢ = (., 0 is small. Let 6 = 9,(¢;) + §;, with

4. Substituting (2.145) into (2.144) and simplifying the expression on the left-hand side,
we equate powers of ; to solve for 1, 0o, 93, .... We find that §; = 0 for ¢ odd and

bs
5, =08 2.146
s (2.146)
_ap3 — 4b2
5, — 303 + 8bgb§b4 bzb57 (2.147)
8b3
5, 203 = 40bababy + 3205b5b; + 3263babs — 24b3bobs — 1663babs + 8bar’be o o)
6 _= Y °
1653

5. Solving (2.143) for ¢ we obtain an approximation for ¢ as a function of 4; in terms of

its real and imaginary parts:

¢ = (0r(6:) + ) + 6. (2.149)
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Figure 2.15: Approximating oy for cn solutions around the top of the figure 8. Shown
are oy, (black solid curve), the curve corresponding to the greatest real part of o, (or-
ange solid curve), the first-order approximation to oy around (; (lightest-blue dotted
curve), third-order approximation to oy around (; (light-blue dotted curve, fifth-order
approximation to oy around (; (dark-blue dotted curve, seventh-order approximation to
or around (; (darkest-blue dotted curve). (a) A cn solution, (k,b) = (0.8,0.64); (b) cn
solution, (k,b) = (0.85,0.7225); (c) cn solution, (k,b) = (0.88,0.7744); (d) cn solution,
(k,b) = (0.9,0.81).

As before, call (2.149) an nth-order expansion where n is the largest power of ¢; from

(2.145) included. For instance, a fourth-order approximation for ¢ is

(= ((5251'2 + 54(5;-1 + Ct) + 76;. (2.150)

The fourth-, sixth-, eighth-, and tenth-order approximations to (2.73) are shown in Figure
2.15 for piercing cn solutions as k approaches k*. We see that these approximations quickly
diverge from the o, spectrum as k approaches k*. The results here are shown for cn solutions
but hold in the nontrivial-phase case as well. For small values of k and b satisfying (2.140)
we are able to approximate o,,,, well using this Taylor series approach, but as the left-hand
side of (2.140) approaches 0 this approximation fails. In general, the Puiseux expansions

around (. serve as more robust approximations than the Taylor expansions around (;.

2.11 Conclusion

We obtained an analytical expression for the linear operator associated with focusing NLS.

The expression allowed us to obtain various quantitative and qualitative results about the
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spectrum. Specifically, we split the solution parameter space into four regions of distinct
qualitative behavior of the spectrum. Additionally, we found regions of parameter space for
which solutions are spectrally stable with respect to perturbations of a small integer multiple
of their fundamental period. We also provided a procedure for approximating the greatest
real part of the spectrum. The techniques used in this chapter may extend to other non
self adjoint problems and would be worthwhile investigating in future work. Regarding the
stability results in Section 2.9, it would be interesting to examine whether we have nonlinear

stability when one restricts oneself to subharmonic perturbations.
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Chapter 3

THE STABILITY SPECTRUM FOR ELLIPTIC SOLUTIONS
TO THE SINE-GORDON EQUATION

In this chapter, I present an analysis of the stability spectrum for all stationary periodic
solutions to the sine-Gordon equation. An analytical expression for the spectrum is given.
From this expression, various quantitative and qualitative results about the spectrum are
derived. Specifically, the solution parameter space is shown to be split into regions of distinct
qualitative behavior of the spectrum, in one of which the solutions are stable. Additional
results on the stability of solutions with respect to perturbations of an integer multiple of the
solution period are given. This chapter follows the same format as Chapter 2 and applies the
methods used there to the sine-Gordon equation. This chapter consists of work submitted
for publication and was done as a collaboration with Peter McGill at the University College

London [25].
3.1 Introduction
The sine-Gordon equation in laboratory coordinates is given by
Uy — Upy + sinu = 0. (3.1)

Here, u(z,t) is a real-valued function. This equation was first introduced to study surfaces of
constant Gaussian curvature in light cone form [13]. Since its introduction it has appeared in
various applications including the description of the magnetic flux in long superconducting
Josephson junctions [59, 61, 63], the modeling of fermions in the Thirring model [20], the
study of the stability of structures found in galaxies [53,66,67], mechanical vibrations of a

ribbon pendulum [68], propagation of crystal dislocation [32], propagation of deformations
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along DNA double helix [72], among others. A comprehensive discussion of many of these
applications is found in the review paper by Barone [7].
We consider general traveling wave solutions to (3.1). Defining z = x — c¢t, 7 = t, and

introducing v(z,7) = u(z, t),
(¢ — D, — 2cv,, + v,y +sin(v) = 0. (3.2)

For subsequent discussion we assume that ¢ # 1. We proceed to look for stationary solutions

to (3.2) of the form
v(z,7) = f(2), (3.3)
leading to
(= 1)f"(2) +sin(f(2)) =0, (3.4)

where ' denotes a derivative with respect to z. Integrating once,
L, 10 \2
5@ =1 f(2)° +1—cos(f(2)) = E, (3.5)

where F is a constant of integration referred to as the total energy. The stationary solutions
in this chapter are the elliptic solutions to (3.5) and their limits. These solutions are periodic
in z and limit to the well-known kink solutions as their period goes to infinity [22,54].

We call stationary solutions f(z) with waves speeds satisfying ¢* < 1 (respectively ¢? > 1)
subluminal (superluminal). Representative phase portraits of subluminal and superluminal
solutions to (3.5) are shown in Figure 3.1. Additionally, we call solutions f(z) whose orbits
in phase space lie within the separatrix librational, and those whose orbits lie outside the
separatrix rotational. This distinction is illustrated in Figure 3.1 in both the subluminal and
superluminal cases. Librational waves correspond to E € (0, 2). For rotational waves, £ < 0
for subluminal waves and E > 2 for superluminal waves.

Scott [62] was the first to study the stability of periodic traveling wave solutions to
(3.1). He classified subluminal rotational waves as spectrally stable and determined spectral

instability for all other types of waves, but these instability results were based on an incorrect
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(a) Subluminal: ¢* < 1 (b) Superluminal: ¢* > 1

Figure 3.1: Phase portraits of the solutions showing both librational waves (closed orbits
inside the separatrix) in yellow for (a) and green for (b) and rotational waves (orbits outside
the separatrix) in blue for (a) and red for (b). The separatrix is denoted in purple.

claim that the spectrum in all cases was strictly confined to the real and imaginary axes. His
proof has been corrected [45] and extended to the Klein-Gordon equation [46]. Using entirely
different methods, we confirm the results in [45] and explicitly characterize all of parameter

space. We also provide stability results for solutions perturbed by integer multiples of their

fundamental period.

In Section 3.2 we present the elliptic solutions to (3.5) in Jacobi elliptic form from [45],
and then reformulate the solutions into Weierstrass elliptic form. In Sections 3.3, 3.4 and 3.5,
using the same methods as [11,12,26,27], we exploit the integrability of (3.1) to associate the
spectrum of the linear stability problem with the Lax spectrum using the squared eigenfunc-
tion connection [1]. This allows us to obtain an analytical expression for the spectrum of the
operator associated with the linearization of (3.1) in the form of a condition on the real part

of an integral over one period of some integrand. Similar to [27], we proceed by integrating
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Figure 3.2: Subregions of Parameter space. Colors correspond to solutions in Figure 3.1.
Blue: subluminal rotational (0 < |¢| < 1, E < 0), orange: subluminal librational (0 < |¢| <
1,0 < E < 2), green: superluminal librational (|¢|> 1,0 < E < 2), red: superluminal
rotational (0 < |¢|> 1, E > 2). Subregions extend to infinity in directions of arrows.
Subluminal kink solutions occur for £ = 0,0 < |¢|/< 1, and superluminal kink solutions
occur for E = 2, |c[> 1.
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the integrand explicitly in Section 3.6. Next, using the expressions obtained, we prove re-
sults concerning the location of the stability spectrum on the imaginary axis in Section 3.7.
In Section 3.8, we present analytical results about the spectrum, and we make use of the
integral condition to split parameter space into different regions where the spectrum shows
qualitatively different behavior. Finally, in Section 3.9 we examine the spectral stability of
solutions with respect to perturbations of an integer multiple of their fundamental period

and prove various stability results.

3.2 Elliptic solutions

The derivation of the solutions is presented in the appendix of [45]. We limit our presentation
to what is necessary for the following sections. For solutions to be real and nonsingular for

real z we require the following constraints:

subluminal, rotational: 0<|el <1, E <0, (3.6)
superluminal, rotational: lc| > 1, E>2 (3.7)
subluminal, librational: 0<| <1, 0<E<2, (3.8)
superluminal, librational: lc| > 1, 0<E<2 (3.9)
Solutions to (3.5) are of the form
cos (f(2)) = a + Bsn*(\z, k), (3.10)
with the following parameter values for the various cases:
2—-F 2
subluminal, rotational: « = -1, (=2, A= m, k= 7B (3.11)
luminal, rotational 1, B=-2 A I b (3.12)
superluminal, rotational: a = = — =y =14/= :
p Y ) ) 2(62 _ 1) ) E’

1 2—F
subluminal, librational: a=-1, f=2—FE, A= ”ﬁ’ k= —5 (3.13)
—c

1 |E
superluminal, librational: =1, [=—F, A= k= 5 (3.14)
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Here sn(z, k) is the Jacobi elliptic sn function with elliptic modulus & [17,52,55,70]. We are
neglecting to include a horizontal shift in z. This additional parameter does not change the
qualitative results and it is not included here.

Of some importance are the limits of these solutions on the boundaries of their regions of
validity. On the boundaries for subluminal waves and superluminal waves the rotational and
librational solutions limit to kink solutions. For subluminal waves that limit occurs when
E=0:

cos (f(2)) = —1 + 2tanh? (%) : (3.15)

1—c¢
while for superluminal waves the limit is when F = 2:

cos (f(2)) = 1 — 2tanh? (\/%) . (3.16)

These solutions are seen as the separatices in Figure 3.1 in purple and are on the purple curves
in parameter space in Figure 3.2. The other limits for librational waves are when solutions
limit to a constant. In the subluminal cases this occurs when E = 2 and cos (f(z)) = —1,
or in the superluminal case when £ = 0 and cos (f(z)) = 1. For a general solution which is
not on the boundary in parameter space, the solutions in (3.11-3.14) are periodic in z with

period 2KC(k) where

oy = [ )
k :/ dy. 3.17
0 1 — k2sin®y Y (

the complete elliptic integral of the first kind.

We reformulate our elliptic solutions to (3.1) using Weierstrass elliptic functions [55]
rather than Jacobi elliptic functions. This will simplify working with the integral condition
(3.53) in Section 3.4, as formulas for integrating Weierstrass elliptic functions are well doc-
umented [17,35]. It is important to note that nothing is lost by switching to Weierstrass
elliptic functions, as we can map any Weierstrass elliptic function to a Jacobi elliptic function,

and visa versa [27,55]. Let

(2 + ws, go, g3) — €3 = (K(k)ky sn’ (’C(k)z, k) , (3.18)
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with go and g3 the lattice invariants of the Weierstrass o function, e;, es, and ez the zeros of
the polynomial 4¢3 — got — g5, and w; and wy the half-periods of the Weierstrass lattice given

by

(3.19)

/°° dz

Wy = 3

e1 \/423 — 0§22 — g3
o d

W = i : . (3.20)
—e3 \/423 — g2z + g3

Using (3.18) we convert our general solution in terms of Jacobi elliptic functions (3.10) to

one in terms of Weierstrass elliptic functions:

cos (f(2)) =a+ l{:fﬂ (p(z + ws, g2,93) — e3), (3.21)
with
4
=3 (1— K+ K A, (3.22)
4
9= 5 (2 — 3k* — 3k 4 2k°) X°, (3.23)
1 1 1
e =3 (2—K*) N2, e =3 (=1+2k%) N, e5= (=1- k*)N%, (3.24)
K(k iK' (k
w1 = ¥, W3 = )\( )7 (3.25)
where K'(k) is the complement to K(k) given by K'(k) = (1 — k?). For all cases,
4—2E+ E?
= 3.26
g2 3(62 — 1)2 ) ( )
8 —6F — 3E* + E3
g5 = (3.27)

27(c2 —1)3
One motivation for using Weierstrass elliptic functions instead of Jacobi elliptic functions is
that there is a unique expression for the lattice invariants g, and g3 see (3.26-3.27) which
holds for all cases, as opposed to Jacobi elliptic functions where a different elliptic modulus

k is used for each case see (3.11-3.14). The zeros of the polynomial 4s® — gys — g3 are

E-1 E+2 1-E
_ _ bAoA b 3.28
TT3E-1 TT - TTe@-1) (3:28)



These roots correspond to eq, es, and ez where e; > e5 > e3. For the various cases:

E—-1

subluminal, rotational: e = m’
luminal tati | bl

superluminal, rotational: ¢ = —————

p ) T
E4+2

subluminal, librational: e; = 6(1—j02)7
4—F

superluminal, librational: e; = 6 —1) (@ 1)7

3.3 The linear stability problem

€y —

€y —

€y —

€y =

E+2
6(1 —c?)’
4—-F
6(c2—1)
E—-1
3(c2—1)
E—-1
3(c2—1)

To examine the linear stability of our solutions, we consider

v(z,7) = f(2) + ew(z,7) + O (€7),

 4-E
63_6(02—1)’
ey = E+2
6(1 —¢?)’
 4-F
63_6(02—1)’
o= F2
6(1—c?)

where € is a small parameter. Substituting (3.33) into (3.2), we obtain at order e

(& — Dw,, — 2cw,, + w., + cos (f(2)) w = 0.

Letting w(z, 7)

of equations

0 w1 w1 0
or =L =

%) W

—(c? = 1)0% —cos (f(z)) 2¢O,

w1

w2
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(3.29)
(3.30)
(3.31)

(3.32)

(3.33)

(3.34)

= w(z,7) and wy(z,7) = w,(z,7) we rewrite (3.34) as a first-order system

(3.35)

An elliptic solution f(z) is linearly stable if for all € > 0 there exists a § > 0 such that

if [Jw(z,0)|| < ¢ then ||w(z,7)|| < € for all 7 > 0. This definition depends on the choice of

norm ||-||, which is specified in the definition of the spectrum in (3.38) below.

Since (3.35) is autonomous in 7, we separate variables to look for solutions of the form

wi(z, T
1( ) — 6)\7'
wa(z,7)
resulting in the spectral problem
W- W- 0
AU =2 | =
Wy Wy

Wl(Z)
WQ(Z)

—(c? = 1)9% —cos (f(2)) 2¢O,

Wi
W

(3.36)

(3.37)
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Here
op = {A € C:max ([Wi(2)], [Wa(2)[) < oo}, (3.38)

or
Wi, Wy € C(R). (3.39)

For spectral stability, we need to demonstrate that the spectrum o, does not enter the
open right half of the complex A plane. Since (3.1) is Hamiltonian [4], the spectrum of its
linearization is symmetric with respect to both the real and imaginary axis [71]. In other
words, proving spectral stability for elliptic solutions to (3.1) amounts to proving that the
stability spectrum lies strictly on the imaginary axis. We show that the elliptic solutions are
spectrally stable only in the subluminal rotational case. We demonstrate spectral elements
in the right-half plane near the origin for all choices of the parameters F and ¢ outside the

subluminal rotational regime.

3.4 The Lax problem

We wish to obtain an analytical representation for the spectrum o,. As mentioned in the
introduction, this analytical representation comes from the squared eigenfunction connection
between the linear stability problem (3.37) and the Lax pair of (3.1). The Lax pair for

sine-Gordon is well known [1,2,4,50]. The compatibility condition y.; = x. of the Lax pair,

i icos(u) isin(u) 1
[ 27Tk g aletuw (3.40)
Xe = isin(u) N 1 (g + ) i¢  icos(u) X '
8¢ FR 2 8¢
_% B iC(;sC(u) _isi;éu) B i (y + )
Xt = _isin(u) N 1 (g + ) i¢ | icos(u) X (3.41)
8¢ gt 2 8¢

is (3.1). We transform the Lax pair by moving into a traveling reference frame letting

z=uz—ct, T =t,and v(z,7) = u(z,t). Additionally, to examine the stationary solutions we
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let v(z,7) = f(z) so that

X2 = Xs (3.42)
-D* —-C
A B
Xr = X, (3.43)
-B* —-A

where * represents the complex conjugate, and

(41 + )¢ = (e — 1) cos(f(2)))

i . , (3.44)

s (=D sin(f(z)S)C—l— 2e+1)¢f(2) (3.45)

C:_%er’ (3.46)
Csin(f(2) f'(z) | ef'(2)

p-iafe) 10 o) (3.47)

whose compatibility condition x., = x.. is (3.4). We define oy, or informally the Lax
spectrum, as the set of all ¢ for which (3.42) has a bounded (in z) solution. Examining

(3.43), since A and B are independent of 7, we separate variables. Let

x(z,7) = ep(2), (3.48)

with © being independent of 7, but possibly depending on z. Substituting (3.48) into (3.43)

and canceling the exponential, we find

A-Q B
-B* —A-0Q

0 =0. (3.49)

To have nontrivial solutions, we require the determinant of (3.49) to be zero. Using the
definitions of A and B, we get

0= A*- BB* = é (—sa(c2 —1)(E—-1) - (e 221)2 —16(c + 1)2g2) : (3.50)

As expected, 2 is independent of both 7 (by construction) and z (by integrability). Thus 2
is strictly a function of ¢ and the solution parameters ¢ and E. We remark that €2 takes the

form (3.50) for all values of ¢ and E regardless of where we are in parameter space.
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To satisfy (3.49), we let

p(2) =(2) : (3.51)

where v(2) is a scalar function. By construction of ¢(2), x(z, 7) satisfies (3.43). Since (3.42)
and (3.43) commute, it is possible to choose v(z) such that x also satisfies (3.42). Indeed,

v(z) satisfies a first-order linear equation, whose solution is given by

v(2) = 7o exp (/ —CA- ?jgm* — A dz) : (3.52)

For almost every ¢ € C, we have explicitly determined the two linearly independent solutions
of (3.42), i.e., those corresponding to the positive and negative signs of 2 in (3.50). Assuming
2 # 0 these two solutions are, by construction, linearly independent. In the case where (
is a root of €2, the second solution to (3.42) can be determined via the reduction-of-order
method.

Since (3.42) and (3.43) share eigenfunctions, o, is the set of all { € C such that (3.51) is
bounded for all z € R. The vector part of ¢ is bounded for all z, so we only need that the

scalar function 7y(z) is bounded as z — £00. A necessary and sufficient condition for this is

<Re (_C<A — ?jé}D* — AZ)> =0, (3.53)

where (-) is the average over one period 2K(k) of the integrand, and Re denotes the real

part. The integral condition (3.53) completely determines the Lax spectrum oy,.

3.5 The squared eigenfunction connection

A connection between the eigenfunction of the Lax pair (3.42) and (3.43) and the eigenfunc-
tions of the linear stability problem (3.37) using squared eigenfunctions is well known [1].

We prove the following theorem.

Theorem 3.5.1. The sum of squares,

w(z,7) = x1(2,7)* + xa(2,7)?, (3.54)
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satisfies the linear stability problem (3.34) for f(z). Here x = (x1,x2)T is any solution of
(3.42-3.43).

Proof. The proof is done by direct calculation. Substitute w(z,7) into the left-hand side
of (3.34). Eliminate z-derivatives of x; and x2 (up to order 2) using (3.42) and eliminate
T-derivatives of y; and x2 (up to order 2) using (3.43). The resulting expression for the

left-hand side is 0, thus demonstrating that (3.34) is satisfied, finishing the proof. O

To establish the connection between o, and oy, we examine the right- and left-hand sides

of (3.36). Substituting (3.54) and (3.48) to the left hand side of (3.36) we find

eQQT 90% + (10% _ 6)\7_ Wl (Z) (355)
2Q (o7 + ¥3) Wa(2)
so we conclude that
A =2Q((), (3.56)

with eigenfunctions given by

Wiz) | _ 1+ ¥ | (3.57)
Wa(z) 20 (7 + ¢3)
This gives the connection between the o, spectrum and the o, spectrum. It is also necessary
to check that indeed all solutions of (3.37) are obtained through (3.55). This is not shown
explicitly here, but is done analogous to the work in [11,12].
Although in principle the above construction determines o, it remains to be seen whether
this determination is practical. In the following section we discuss a technique for explicitly

integrating (3.53) using Weierstrass elliptic functions, leading to a more explicit characteri-

zation of op.

3.6 The Lax spectrum in terms of elliptic functions

In terms of Weierstrass elliptic functions, (3.53) becomes

2w1 _ _ *
Re / C(A—Q)+ BD* — A,
; A-Q

dz =0, (3.58)
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with A, B, C, and D given in (3.46-3.47). Substituting in for f(z) using (3.21) we find that
(3.58) is

Re /QUJ1 Cr + Cap(z) + Cspl(z)dz
Cy + Csp(2)

with p(z) = p(2 + w3, g2, g3) with the dependence on ws, go, and g3 suppressed. The Cj’s

=0, (3.59)

depend on ¢ but are independent of z. Like €2(¢), the C}’s take one form regardless of where

the solution is in parameter space. They are given by

1

Cr =5 (= 3i = 16i(E — 1)* + 48iC" + 3ic (1 4+ 8(E — 1)¢* + 16¢") (3.60)

+ (8(e — 1)¢ +96¢%) Q(Q)), (3.61)
Cy =16(c — 1)¢ (i¢ + Q(C)), (3.62)
Oy = — 8(c — 1)%(c + 1)C, (3.63)
C, zgg ((c = 1)(E — 1) + 12(c + 1)¢* — 24i¢Q(Q)) , (3.64)
Cs =16(c — 1)%(c + 1)C. (3.65)

We evaluate the integral in (3.59) explicitly [35]. We find

2w102 4 (0105 — 0204) . w _
Re | 2 o= Gulohar = culen)| o, (3.66)
with
p=p()=p" (— g‘;gg , gg,gs> , (3.67)

and (, is the Weierstrass Zeta function [55]. Note that @~' is a multivalued function, but
for our analysis p is chosen as any value such that o(p) = —C4(()/C5(¢). Substituting for
the C}’s (3.66) becomes

21 (1€ + Q) | A (e - D(EF 1) — dile+ 1)¢* — 8¢0(Q))

A (c— D3(c+ D/lp)

(Cw(p)wi — Cwlwi)p) | = 0.
(3.68)

We simplify this further by recognizing that

0" (p) = 40°(p) — 9200(p) — g5 = 4 (— g:gg)g — 9 (— 04@) — gs. (3.69)
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Substituting in for C4(¢) and C5(() gives

i) =4 (LT DB Dt D" - 5RO 5.70)

Thus (3.68) simplifies to

2wy (1¢ + Q
Re (2 EEROL L o0 G = Guteon)) =0 (3.71)
where
o ¢(=i(e—1)(B-1)~i(e+1)¢?—8¢C) .
+1if —§ <arg ( ( (c—1)3(c+1) )) <%
L, (3.72)

—1 otherwise.

Using (3.25), and applying the formula for the Weierstrass ¢ function evaluated at a half
period [17], Co(w1) = Ver — 3 (8(k) - efjgglC(k)) , (3.71) becomes

Re | 2RO 4 (Gt - ver=a (00 - k) o) | <0

c—1

Here

w/2
E(k) = / \/1 — k2sin?y dy, (3.74)
0

is the complete elliptic integral of the second kind. We have simplified the integral condition

(3.58) significantly. Thus ¢ € oy, if and only if (3.73) is satisfied. To simplify notation, let

_ 2wy (ZC + Q(C))

1Q) = =18

+2v (Cw(p)wl - Cw(wl)p) ) (375)

so that (3.73) is
Re [1(¢)] = 0. (3.76)

Next, we wish to examine the level sets of the left-hand side of (3.76). To this end, we
differentiate I(¢) with respect to (. To evaluate this derivative we use the chain rule and

note that

0 _ @204(C)d@71 _Cu(¢) _Gu(¢) ,
8—€Cw(p)— @(p)ac Ca0) dc ( 5(0,92,93)( > (3.77)



68

Since
d (_04(0 > _ 1 _ 1 3.78
dZ@ 05(0792793 ¥ (p_l (_2258792793)) o (p)’ (3.78)
we use (3.70) to obtain
dI(¢) _ 3(c = Dwn — 48(c + 1)¢"wr — 82 (6(c” — 1)Gu(wr) + (1 = E)wn) (3.79)

¢ 96¢°9(¢)
Taking the real part of (3.79) does not give another characterization of the spectrum. Instead,
if we think of (3.73) as restricting to the zero level set of the left-hand side. Then we use
(3.79) to determine a tangent vector field which allows us to map out level curves originating

from any point. This is explained in more detail in Section 3.7.
3.7 The o, spectrum on the imaginary axis

In this section we discuss o, NiR. As we demonstrate, this corresponds to the part of o,
lying on the real axis for both rotational and librational waves, as well as a part of o, lying
on the imaginary axis for rotational waves. Using (3.73) we obtain analytic expressions for
oy, corresponding to oy NiR.

We begin by considering ¢ € R. As we demonstrate below, (3.73) is satisfied for any real
¢. Using (3.50) and (3.56), we determine the corresponding parts of o.

Theorem 3.7.1. The condition (3.73) is satisified for ( € R.

Proof. Since k, ¢, K(k), and E(k) are real, it suffices to show that (() € iR, p € iR, and
Cw(p) € iR. Rewriting (3.50) in the superluminal case,

O2(¢) = —— ((—4(1 o)+ %) 4 8E(E — 1)) , (3.80)

Q) = —— ((—4(1 +e)¢ — Q) +8(2—E)(1 - 02)> : (3.81)
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In either case Q2 < 0 and Q(¢) € iR. Since ¢, with go, g3 € R takes real values to real values

and purely imaginary values to purely imaginary values [55], to prove (,(p) € iR it suffices

to show that p = p~! ( g‘;gg,gg,gg> € iR. For ¢2,95 € R, 9(R, g2, g3) maps to [e, 00), and
since p(iz, g2, g3) = —p(z, gg,—gg) we have that p(iR, g2, g3) maps to (—oo, e3]. Thus we

need to show that for ¢ € R, ( ; < e3. Again we split into cases. In the superluminal

case, we want to show

(c—1)(E—1)+12(c+ 1)¢?* — 24i¢Q(¢) o B2

6lc— (1= ) S 50— (382)

Substituting in for ©(¢) using (3.80) and simplifying the left- and right-hand sides of this

expression yields

ey AL+ + (e - 1)+ 8E(e — 1)¢2
_'_

> 1. .
c—1 c—1 - (383)

Since \/(—4(1 +0)C 4 (c— 1) +8E(c2 —1)¢2 > \/ 414 ¢)C + (c— 1)), (3.83) is sat-
isfied. For the subluminal case we proceed in a similar manner, noting the different value of

es from (3.29-3.32). We want to show

(c—1)(E—1) +12(c + 1)(2 — 24icQ(C) . E—4
6(c— D)(1— ) 50— (384)

Substituting in for (¢) using (3.81) and simplifying the left- and right-hand sides of this

expression yields

4(c+1) (2+\/ A+ 1)+ (1—¢)*+8(2 - E)(1 - 2)¢2

> 1. 3.85
1—c¢ - ( )

Since \/(—4(0 +1DC+(1-0)+82-E)(1—-) > \/ (c+1)C2+ (1—2¢))? (3.85)
is satisfied. n

At this point, we know that R C 0. We wish to see what this corresponds to for o,.

For convenience define

(c—1)°
(2

Sq = {Q Q% = 614 (—8(02 —1)(E-1) - —16(c + 1)242> and ¢ € aL} . (3.86)
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1.0 0.5 1.0

(a) Subluminal: ¢* < 1 (b) Superluminal: ¢ > 1

Figure 3.3: Q2 as a function of real ¢ for subluminal and superluminal waves: (a) subluminal:
c=04 and F =1, and (b) superluminal: ¢ =14 and F = 1.

As was seen in the proof of Theorem 3.7.1, when ¢ € R, Q(¢) € iR. Applying (3.56), we see
that ¢ € R corresponds to o, UiR. Representative plots of Q2 are shown in Figure 3.3. The
subset of Sq corresponding to ¢ € R consists of (—ico, —i|Q,|] U [i|Qn|, i00), where Q2 is
the maximum value of Q2. The set Sq corresponding to ¢ € R is quadruple covered as for
all values of €2 there are four values of ( which map to it, except at 2 = +§2,,,, where just
two values of ¢ map to it. €, can be found explicitly by finding the extrema of Q%(¢). In
the subluminal case, Q?(¢) reaches its maxima at

Lmc o ly_»p_p), (3.87)

m::l: ) m
¢ 41+ c) 8

and in the superluminal case, Q?({) reaches its maxima at

[ Lt SOC :—2(02—1)3 (3.88)

A1ty ™

Applying (3.56) we have (—ico, —A1] U [A1,i00) C o, where

=)= E)
A\ = 2\/ 5 , (3.89)

in the subluminal case, and

(3.90)
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in the superluminal case.

If ¢ satisfies Q%(¢) = 0, then ¢ must satisfy (3.73). This is due to the fact that the origin

is always included in o, and hence in Sg. The fact that there are four roots of Q(¢) = 0

corresponds to the fact that 0 € o, with multiplicity four. This is seen from the symmetries

of (3.1) and by applying Noether’s Theorem [47,65]. For rotational waves, the roots of 2%(()
lie on the imaginary axis. For the subluminal rotational case the roots are:

Vi Vi=@
“ {2\/_(C+1) ) "R+ 1)

(V=E=+v2- (V=E+Va—E)i } (3.91)

and in the superluminal rotational case the roots are:

VET VET
Cc= {2\/-(C+ )<\/_i\/ 2) W(\/_i\/ 2) i } (3.92)
We label the four roots (i, (s, (3, and (4 where Im(¢;) < Im({) < Im((3) < Im((y). They

are labeled for reference in Figure 3.4.

Theorem 3.7.2. For rotational waves, the condition (3.73) is satisified for all { € iR such
that Im(¢y) < Im(C) < Im(Ca) or Im((3) < Im(C) < Im((y).

Proof. The level curve (3.76), is exactly the condition (3.73). We examine the tangent vector
field to (3.76). If we let ¢ = (. + i(;, then

2&)1 (Z(Cr + ZQ) + Q(Cr + ZCZ))

10) = 16 +i6) = -

+2v (Cu(p)wr — Culwi)p) . (3.93)

Taking derivatives with respect to (. and (; gives a normal vector field to level curves of the

general condition Re [I({)] = C for any constant C specifically, the normal vector is given

by

d¢, ’ dg; .

Thus, the tangent vector field is

(~dRelite +i6) dRel(c +ic)))
dQ ’ dCr .
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o5 /¢ K_—"105 s
€ TG 216G G
(a) Subluminal: ¢* < 1 (b) Superluminal: ¢* > 1

Figure 3.4: Q? as a function of i¢, ¢ € R for subluminal and superluminal rotational waves:
(a) subluminal rotational: ¢ = 0.4 and F = —1, and (b) superluminal rotational: ¢ = 1.4
and F = 3.

By applying the chain rule and using Re[iz] = —Im|z], we have that the tangent vector field

([ [2])

Where g—é is given in (3.79). We note that the numerator of (3.79) is strictly real for ¢ € iR,

to the level curves is

thus

dl 4, 82 (3(2 — w — Ew m L
o [d_c}:(3<c_1>w1—48<c+1>< wi = 8% (3(c" = Déu(wr) + (1 = BJun)) 1 [965’(2(9%))}

Since Q%(¢) < 0 for ¢ € [(1, (] C iR and for ¢ € [(3,(4] C iR we have that

df
Im |— | = .
m { : J 0, (3.96)
and thus Re[I(¢)] = C on these intervals. Since Re[I(()] = 0 at the endpoints (., C = 0

and (3.73) is satisfied. O

At this point we know that [(, (o] U [(3, (4] C 0. We wish to see what this corresponds
to for o,. Representative plots of Q2(i(), ¢ € R are shown in Figure 3.4. The subset of

Sq corresponding to ¢ € [(1, () U [(3, (4] consists of [—i[2,],0], where Q2 is the minimum
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value of Q2. The set Sq corresponding to ¢ € [(, (o] U[(3, (4] is quadruple covered, except at
the points £2,,, where the set is double-covered. €2, can be found explicitly by finding the

extrema of Q2(i¢). In the subluminal rotational case, Q%(() reaches its minima at

1—c¢

R R TEEm)

i) = éu _?)E, (3.97)

and in the superluminal rotational case, ?({) reaches its minima at

c—1

o= e

i2(C) = %(02 _)(E-2). (3.98)

Applying (3.56) we have [—Aq2, A\y] C o where

(1-A)E

Ao = 5

i, (3.99)

in the subluminal rotational case, and

Ao = \/(62 —UE=2), (3.100)

in the superluminal rotational case.
3.8 Qualitatively different parts of the spectrum

Up to this point we have discussed only the subset of o, that is on the imaginary axis. In
this section we discuss the rest of the spectrum. Except in the subluminal, rotational case, a
part of o is in the right-half plane (corresponding to unstable modes). For each of the other
three regions we split parameter space into two subregions where m is qualitatively
different. Here m is the closure of o, not on the imaginary axis.

We refer to Figure 3.5, which shows (FE, ¢) parameter space with curves that split it into
subregions where m is qualitatively different. The exact curves splitting up the regions,
and their derivations, are given below. In Figure 3.6 we show representative plots of o, for

all qualitatively different spectra, and in Figure 3.7 we show the corresponding o, spectrum.
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Figure 3.5: Parameter space with regions corresponding to different qualitative behavior in
the linear stability spectrum separated by black curves. Colors correspond to solutions in
Figure 3.1. Blue: subluminal rotational (0 < |¢| < 1, E' < 0), orange: subluminal librational
(0 < lef< 1,0 < E < 2), green: superluminal librational (j¢|> 1,0 < E < 2), red:
superluminal rotational (0 < |¢| > 1, E' > 2).
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e The spectral stability of subluminal rotational solutions is well known [45, 46] and

oz C iR, A representative plot of o, is seen in Figure 3.6(e).

e For the subluminal librational solutions, o/ \ iR consists of either a double-covered
infinity symbol, see Figure 3.6(f), or a double-covered figure 8 inset inside a double-
covered ellipse-like curve, see Figure 3.6(g). The boundary between these regions is
given explicitly below and a representative plot of o, on this boundary is seen in

Figure 3.8(3a).

e For the superluminal librational solutions, o, \ iR consists of either a double-covered
figure 8, see Figure 3.6(a), or a double-covered infinity symbol inset inside a double-
covered ellipse-like curve, see Figure 3.6(b). The boundary between these regions is

given below and a representative plot of o, on this boundary is seen in Figure 3.8(1a).

e For the superluminal rotational solutions, o \ iR consists of either a double-covered
ellipse-like curve surrounding the origin, see Figure 3.6(c), or a double-covered ellipse-
like curve in the upper- and lower-half plane, see Figure 3.6(d). The boundary between
these regions is given explicitly below and a representative plot of o, on this boundary

is seen in Figure 3.8(2a).

For all these cases, much can be proven and quantified explicitly, i.e., not in terms
of special functions. Specifically, we calculate explicit expressions for o, N iR and in the
librational case we find explicit expressions for the tangents to o, around the origin. In fact,
we are able to approximate the spectrum at the origin and around all points o, MR using a
Taylor series to arbitrary order. These series give good approximations to the greatest real
part of o, using only a few terms. They are not given in this chapter, but follow from the
same procedure as outlined in Chapter 2.

A method for determining oy, is to take known points satisfying (3.73) and to follow the
tangent vector field (3.94) from those points. We apply this technique from ¢ € R which we
know to satisfy (3.73) from Theorem 3.7.1 as well as from the points ¢ satisfying Q?(¢) = 0.
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Figure 3.6: The stability spectrum for superluminal (a-d), subluminal (e-g), librational
(a,b,f,g) and rotational (c,d,e) waves. (a) ¢ = 1.5, E = 1.5; (b) ¢ = 1.02, E = 1.8; (¢)
c=11,E=22 (d)c=14, E=24; (¢) c = 0.6, E = —0.75; (f) ¢ = 0.6, E = 1.0; (g)
¢ = 0.8, E = 1.5; Colors correspond to Figure 3.2, thickness of lines corresponds to double
or quadruple covering of spectrum.

3.8.1 Subluminal librational solutions

The roots of Q?(¢) = 0 are given by
¢ = \/1—62\/F:|:\/1—C2\/2—€Z, _\/1—02@ \/1—62\/2—62, (3.101)
‘ 2v2(c+1) 22(c+1)  2v2(c+1) 2v2(c+1) ’ '

seen as red crosses in Figure 3.7(f,g). For convenience, we label these four roots (1, (2, (3, (4,

+

where the subscript corresponds to the quadrant on the real and imaginary plane the root
is in. In this case, (3.79) is

dr¢) 1626 () + (c — 1 — 8¢ — 16(c + 1)¢Y) K (k)
¢ ViTe 32030(2) '

Examining (3.94) for ( € R, for a vertical tangent in o, to occur, we need the numerator

of (3.102) to be zero. Using the discriminant of 16¢?E(k) + (¢ — 1 — 8¢* — 16(c + 1)¢*) K(k)

(3.102)
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Figure 3.7: The Lax spectrum (black curves) for superluminal (a-d), subluminal (e-g), libra-
tional (a,b,f,g) and rotational (c,d,e) waves. (a) c= 1.5, E = 1.5; (b) ¢ =1.02, E = 1.8; (¢)
c=11,FE=22;(d) c=14, F = 24; (e) ¢ = 0.6, E——O75,()c:O.6,E:1.0; (g)
c = 0.8, E = 1.5. Red crosses signify values of ¢ for which Q?(¢) = 0. Blue crosses signify
values of ( € R for which o has a vertical tangent.

as a function of ¢, we find the condition

2¢/—E2(k) + E(k)K (k)
c= 30 , (3.103)

for a vertical tangent to occur on the real axis. This condition is plotted as the black curve
in the subluminal rotational region of Figure 3.5, and defines the split between qualitatively
different spectra. Representative spectral plots for ' and ¢ on this boundary are seen in

Figure 3.8(3). For solutions satisfying (3.103) we have the following

1 1 2 2K°2
Cn = 15\/m (28(k) — K(k) + /4E2(k) — 46 (k)K (k) + 2K (k)), (3.104)
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and

1 1 2 22
G2 = iﬁ\/m <2€(k:) — K(k) — \/4&E2(k) — 4E(k)K (k) + 2K (k)), (3.105)

shown as blue crosses in Figure 3.7(g). Mapping these points back to o, these points corre-

spond to the top (or bottom) of the inset figure 8 in Figure 3.6(g):

B E—cA(E—1) —=2E(k) + c\/4E%(k) — 4E(k)K(k) + 23 (k)
A = i\/ + 90 , (3.106)
and the ellipse-like curve in Figure 3.6(g):
— 2(E — -9 — o JAE2 (Y — 4 2K°2
Y \/E ¢ éE D), —26(k) —c\/4E (k;]c(k;‘i(k)lC(k) RO

Next we examine the slopes of o, at the origin. Because o, = 25, it suffices to examine
the slopes for the set Sg. We let 2 = €, +1€);, and we consider (; as a function of (, so that

Q (¢, G(¢)). Applying the chain rule we have that the slope at any point in the set Sg is

do; i do, d¢
dsy; _ d€2;/d¢, _ de, T de, de (3.108)
dQ,  dQ./d¢  de.  do. de¢;’ '
de. " de de
where
dgi dRe(Z)/d¢,
= - 3.109
4, ~ T dRe(1)/dq, (3:109)
We examine (3.108) near where 2 = 0 and ¢ = (.. The slopes at the origin are
dQ; | e/EQ2 - E)K(k
+° (3.110)

dQ, —25(1{:) + ElC(k)
Further application of the chain rule can yield expressions for derivatives around the origin
of any order, and the same technique can be applied around (3.106) and (3.107). In doing

this we can obtain Taylor series approximations of ¢, to any order.

3.8.2  Superluminal librational solutions

The roots of Q?(¢) = 0 are given by

(ELIE | VECIVE, JENIE | JECIVE,
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Figure 3.8: (1) The stability spectrum for the cases separating subregions and (2) the corre-
sponding Lax spectrum (black curves). Red crosses signify values of ¢ for which Q*(¢) = 0.
Blue crosses signify values of ( € R for which o, has a vertical tangent. (a) Superluminal
librational: ¢ = 1.03702, £ = 1.8, (b) superluminal rotational: ¢ = 1.3, E = 2.27060 (c)
subluminal librational: ¢ = 0.67148, £ = 1.5.
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seen as red crosses in Figure 3.7(f,g). Asin Section 3.8.1, we label these four roots (i, (s, (3, (4,
where the subscript corresponds to the quadrant on the real and imaginary plane the root
is in. In this case, (3.79) is

dI(Q) 5 —16C2E(k) + (c — 1+ 82 — 16(c + 1)¢*) K(k)
Tac S ve-t 32030(2) '

Examining (3.94) for ¢ € R, for a vertical tangent in o to occur, we need the numerator

(3.112)

of (3.112) to be zero. In this case, there are always two real values of ¢ for which vertical

tangents in oy, occur:

1 1 2 212
G = ii\/m <—28(k) — K(k) + /AE2(k) — 4E(R)K(E) + 2K (k)), (3.113)

shown as blue crosses in Figure 3.7(a,b). Mapping these points back to o, these points
correspond to the top (or bottom) of the figure 8 in Figure 3.6(a) or the top (or bottom) of
the ellipse-like curve in Figure 3.6(b):
\ i\/E —2-ce—1) | 28(k) = o/AE°(K) — LERK(R) + PK2(k)
2 2K (k)

In the subluminal librational case in Section 3.8.1, the qualitative change in the spectrum

(3.114)

occurred when there was a bifurcation in the real values of ¢ with vertical tangents. In this
case, there is no such bifurcation. The qualitative change in the spectrum occurs when there
is a bifurcation in imaginary values of (. The imaginary roots of the numerator of (3.112)

are

1' 1 2 2k"2
¢ = i§2\/m (28(k) + (k) + /AE2(k) — 4AE(R)K(E) + 2K (k)). (3.115)

The qualitative change occurs for £ and ¢ such that (, satisfies (3.73). This defines the
curve seen in the superluminal librational region of Figure 3.5. Representative spectral plots
for E and ¢ on this boundary are seen in Figure 3.8(1). The slopes of o, at the origin are

computed using the method described in Section 3.8.1. They are

% _, /B2 - E)K(k) (3.116)

dQ, ~ T 2E(k) + (E —2)K(k)

As with the subluminal librational solutions, expressions for derivatives of any order around

the origin and around (3.114) can be computed.
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3.8.3  Superluminal rotational solutions

The roots of Q?(¢) = 0 are given in (3.92), seen as red crosses in Figure 3.7(c,d). In this
case, (3.79) is

A(Q) _ g =8ECER) + (e = 1+8(E — 1) — 16(c + 1)¢*) K(k) (3.117)

d¢ 16v/2¢30(2)

Examining (3.94) for { € R, for a vertical tangent in o, to occur, we need the numerator of
(3.117) to be zero. In this case, again, there are always two real values of ¢ for which vertical

tangents in o, occur:

G = i;\/ m (~BE(k) + (B~ )K(k) + VEE(R) — 2B~ DEERK(R) 1 (& + (B~ DEK(H) ).
(3.118)
shown as blue crosses in Figure 3.7(a,b). Mapping these points back to o, these points
correspond to the top (or bottom) of the ellipse-like curve in Figure 3.6(c) and the top of
the ellipse-like curve in the upper-half plane and the bottom of the ellipse-like curve in the

lower-half plane in Figure 3.6(d):

vy [ EE(R) — A(E — DK(K) - c/E2E2(k) — 2(E — 1) EE(K)K (k) + (2 + (E — 2)E)K2(k)
e 26C(k) '
(3.119)

As in the superluminal librational case above, we do not have a bifurcation in the real values
of ( with vertical tangents. The qualitative change in the spectrum occurs when there is a

bifurcation in imaginary values of (. The imaginary roots of the numerator of (3.117) are

G = ili\/ m (BE() + (1~ BX() + VEZE2(h) — 2(B ~ DEEMK(R) + (& + (B~ 2BK2(R)).

2
(3.120)
The qualitative change occurs for £ and ¢ such that |(,|= (4 and —|(y|= (1 where (; and
¢4 are the smallest and largest roots of Q%(¢) = 0 respectively. This condition is seen in

Figure 3.8(2b) and is

= [ (3.121)
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For ¢ > ,/%%, we map (, to o, and find these points corresponding to the bottom

of the ellipse-like curve in the upper-half plane and the top of the ellipse-like curve in the
lower-half plane in Figure 3.6(d):

\ i\/M(k) — 2(E - 1)K(k) + e/E*E2(k) — 2(E — ) EER)K(K) + (2 + (E — 2)E)K2(k)
B 2K (k) ’

(3.122)

3.9 Floquet theory and subharmonic perturbations

We examine o, using a Floquet parameter description. We use this to prove spectral stability
results with respect to perturbations of an integer multiple of the fundamental period of the
solution, i.e., subharmonic perturbations.

We write the eigenfunctions from (3.37) using a Floquet-Bloch decomposition

Wy (z) e [ W1(2) . . . .
=e . , Wi(z+T(k)) = Wi(z), Walz+T(k)) = Ws(z), (3.123)
WQ(Z) WQ(Z)
with p € [—n/T(k),n/T(k)) [23,27]. Here T'(k) = 2/KC(k) for all solutions. From Floquet’s
Theorem [23], all bounded solutions of (3.37) are of this form, and our analysis includes
perturbations of an arbitrary period. Specifically, u = 2mm /T (k) for m € Z corresponds to

perturbations of the same period T'(k) of the solutions, and in general

2mm
= — PecZ 3.124
ILL PT(k>7 m? 6 ) ( )

corresponds to perturbations of period PT(K). The choice of the specific range of u is
arbitrary as long as it is of length 27 /T'(k). For added clarity in this section, we plot figures
using the larger ranges [—27/T(k),2r/T(k)), periodically extending p beyond the basic
region.

In the previous sections o, is parameterized in terms of (. We wish to re-parameterize
or in terms of p. We examine the eigenfunction W; from (3.123). From the periodicity of

Wl we have
(k) _ Wiz +T(k))
Wi(z)

et (3.125)
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Using (3.57), (3.51), and (3.52), we find

T(k) _ _
TR — exp —2/ BC+DA=D)+ B dz (3.126)
0 B ’
where we have used the periodicity properties
A(z+T(k))=A(z), B(z+T(k)) = B(2). (3.127)

Using (3.73), o
201 2mn

() = T T Tw
where I(C) is given in (3.75) and n € Z.

(3.128)

In what follows we discuss the stability of solutions with respect to perturbations of
integer multiples of their fundamental periods, so-called subharmonic perturbations [39].
The expression (3.128) gives an easy way to do this. Specifically, from (3.124) we know
which values of u correspond to perturbations of what type. For stability with respect to
perturbations of period 2rm/u = PT(k), we need all spectral elements associated with a
given u value to have zero real part. In Figure 3.9 we plot the real part of o, as a function of
wT'(k) using (3.50), (3.56), and (3.128). We rescale p by T'(k) for consistency in our figures.
Here

_ 2mm

pT' (k) = 5 (3.129)

corresponds to perturbations of PT'(k) for any integer m.

The following results are obtained in each region of parameter space:

e For the subluminal rotational case, all solutions are spectrally stable [45,46].

e For the subluminal librational case, all solutions are spectrally unstable with respect

to all subharmonic perturbations. This is shown in Section 3.9.1.

e For the superluminal librational case, all solutions are spectrally unstable, but all

solutions left of curve 2 in Figure 3.10 are stable with respect to perturbations of twice
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(e) (f) () (h)
Figure 3.9: The real part of the spectrum Re(\) (vertical axis) as a function of p7'(k) (hori-
zontal axis): for subluminal librational (a-b), superluminal librational (c-e), and superlumi-
nal rotational (f-h) solutions. (a) ¢ = 0.6, £ = 1.0; (b) ¢ =0.8, E = 1.5; (¢c) c= 1.5, E = 0.7,
(d)e=15,E=15;(e) c=102, E=18; (f) c =13, FE=29; (g) c =14, FE =24, (h)
c=21, E=68.

the period and the same period, all solutions left of curve 4 are stable with respect
to perturbations of four times the period, all solutions left of curve 6 are stable with
respect to perturbations of six times the period, as well as three times the period, etc.

This is shown in Section 3.9.2.

e For the superluminal rotational case, all solutions are spectrally unstable, but there
are regions of stability with respect to subharmonic perturbations, see Figure 3.12 and

Section 3.9.3 for details.

We provide the following useful lemma:

Lemma 3.9.1. For any analytic function f(z) = u(x,y) + iv(z,y), on a contour where

u(z,y) = constant, v(x,y) is strictly monotone, provided the contour does not traverse a
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saddle point. Similarly, on a contour where v(x,y) = constant, u(x,y) is strictly monotone,

provided the contour does not traverse a saddle point.
Proof. This is an immediate consequence of the Cauchy-Riemann relations [10]. O

Thus along contours where Re(I(¢)) = 0, if there are no saddle points, then Im(7(())
is monotone. If we fix ¢ and E, using (3.128) we see that u(¢)T(k) = 2mn + 2Im(1(¢)) —
2iRe(1(()) is also monotone along curves with Re (/(¢)) = 0. In what follows, we omit

UgﬂiR.

3.9.1 Subluminal librational solutions

There are two cases to consider for subluminal librational solutions, corresponding to the
two qualitatively different stability spectra seen in Figure 3.6(f,g), and their corresponding
Lax spectra in Figure 3.7(f,g). Representative plots of uT'(k) vs. Re(A) for these cases are
shown in Figure 3.9(a,b). We prove the following theorem:

Theorem 3.9.2. The subluminal librational solutions to (3.1) are unstable with respect to

all subharmonic perturbations.

Proof. Tt suffices to show that for some ¢ € o, p = 0 and Re(A\) > 0. We split into cases

with qualitatively different spectra:

1. In the case where the stability spectrum looks qualitatively like an infinity symbol, we
examine ( € o, see Figure 3.7(f). The infinity symbol spectrum is double covered,
so without loss of generality, we consider only values of { in the upper-half plane.
Specifically, we consider values of ( ranging from (, to (3, moving from the red cross
in the second quadrant to the red cross in the first quadrant of Figure 3.7(f). At
G, uT(k) = —m and Re(A) = 0. As ¢ moves from (5 to (i, uT'(k) monotonically
increases (Lemma 3.9.1) until it reaches uT'(k) = 7 at { = (3, where Re(\) = 0, see
Figure 3.9(a). Along this curve Re(\) # 0 so by the intermediate value theorem at
some point between (; and (y, p7'(k) = 0 with Re(\) > 0.
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2. In the case where the stability spectrum looks qualitatively like a figure 8 inset in
an ellipse-like curve, examine ( € oy, see Figure 3.7(g). The ¢ spectrum has two
components, ¢ corresponding to the figure 8, and ( corresponding to the ellipse-like
curve. For instability, we only need to examine ( corresponding to the ellipse-like curve.
Again, we consider only values of ¢ in the upper-half plane. Specifically, we consider
values of ( ranging from —|(s2| to [(e|, moving from the blue cross in the second
quadrant to the blue cross in the first quadrant of Figure 3.7(g). At —|(w|, nT'(k) =
—2i1(—|C2|), and Re(A) = 0. As ¢ moves from —|(p| to |(2|, #T(k) monotonically
increases (Lemma 3.9.1) until it reaches puT'(k) = —2il(|(o]) at ¢ = (2|, with Re(A) =
0, see the ellipse-like curve in Figure 3.9(b). Because of the symmetries of I(¢) for
¢ € R we have that uT'(k) = —2il(|(]) = 2¢1(—]|Ce|). Along this curve Re(A\) # 0
so again by the intermediate value theorem at some point between —|(;2| and |(sl,

uT' (k) = 0 with Re(A\) > 0.

3.9.2  Superluminal librational solutions

Theorem 3.9.3. The superluminal librational solutions to (3.1) are stable with respect to

subharmonic perturbations of period PT (k) if they satisfy the condition

(P—1)m

—21(=|G[) = (3.130)

for P odd, and
(3.131)

for P even.

Proof. For stability with respect to perturbations of period PT (k) we need that for uT'(k) =

2T 27T(P—1)
y Pttty P )

2mm/ P, the spectral elements A € o, have zero real part, i.e., for uT'(k) =0
Re(A) = 0.
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Figure 3.10: A plot of parameter space showing the spectral stability of superluminal libra-
tional solutions with respect to various subharmonic perturbations. Within the superluminal
librational region, all solutions left of curve 2 are stable with respect to perturbations of twice
the period as well as perturbations of the same period, all solutions left of curve 4 are stable
with respect to perturbations of four times the period, all solutions left of curve 6 are stable
with respect to perturbations of six times the period as well as perturbations of three times
the period, etc.
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We examine ¢ € oy, in the figure 8 case, see Figure 3.7(a). The figure 8 spectrum is
double covered, so, without loss of generality, we consider only values of { in the left-half
plane. Specifically we consider values of { ranging from (3 to (, passing along the level curve
through ¢ = —||. At (3, pT'(k) = 7 and Re(A) = 0. As ¢ moves from (3 to —|¢|, uT'(k)
monotonically decreases (Lemma 3.9.1) until it reaches pu,T'(k) = —2il(—|]) at ¢ = —|G/.
At —|¢;|, Re(A) = 0. Note that we are only considering the lower-left quarter plane. The
analysis for ¢ ranging from ¢; to |(;| is symmetric in pT'(k).

Qualitatively, we have figure 8s centered at u7'(k) = m+27n and extending over [, T'(k)+
2mn, m + (7 — (k) + 27n], see Figure 3.9(c,d). Since we are considering p € [0, 2m) it
suffices to examine the figure 8 centered at © with n = 0.. For stability, we need the left-most
edge of the figure 8 to be to the right of @ for P odd and to the right of (P_TQ)” for P
even. Similarly, we need the right-most edge of the figure 8 to be to the left of @ for P

odd and to the left of @ for P even. These conditions are for P odd:

(P—1)rm (P+ 1)m

wT (k) > 7 and m + (7 — . T'(k)) < R (3.132)
and for P even:

(k) > @ and 7+ (7 — i, T(k)) < (P—i_Tmﬁ (3.133)
These conditions simplify to give (3.130) and (3.131) respectively. ]

We remark that for a given odd P the condition (3.130) is the same as the condition
(3.131) for 2P. Thus, for superluminal librational waves if we have stability with respect to
perturbations of some odd multiple P of the period T'(k) we also have stability with respect
to perturbations of 2P7'(k). This is shown in the case when P = 3 in Figure 3.11(a). These
results are summarized in Figure 3.10 where we plot only the condition (3.131). We remark
that it is possible for solutions to be stable with respect to perturbations of four times the
period but not with respect to three times the period. Solutions of this type would lie to
the left of curve 4 but to the right of curve 6 in Figure 3.10. More generally it is possible to
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Figure 3.11: The real part of the spectrum Re()) (vertical axes) as a function of uT'(k)
(horizontal axes): pT'(k) = 2mn/P for integers m and P corresponds to perturbations of
period P times the period of the underlying solution. (a) The superluminal solution is stable
with respect to perturbations of three times its period is necessarily stable with respect to
perturbations of six times its period. (b) If a superluminal rotational solution is stable with
respect to perturbations of five times its period, it is stable with respect to perturbations of
three times its period or perturbations of two times its period. (i) If the ellipse-like curves
are in (47/5,67/5) they are necessarily in (27/3,47/3) (red), (ii) if the ellipse-like curves
are in (27/5,47/5) and (67/5,87/5) they are necessarily in (0,7) and (m,27) respectively
(blue), (iii) if the ellipse-like curves are in (0,27/5) and (87/5,27) they are necessarily in
both (0, 7) and (7, 27) respectively as well as (0, 27/3) and (27/3, 47/3) respectively (black).
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have solutions which are stable with respect to p times the period but not with respect to ¢

times the period where p is even and less than ¢ < p < 2gq.

3.9.3  Superluminal rotational solutions

Theorem 3.9.4. The superluminal rotational solutions to (3.1) are stable with respect to

subharmonic perturbations of period PT (k) if they simultaneously satisfy the conditions

2 1
2ﬁn—2UCﬁQD§—Iﬁ%i—L (3.134)
. . 2tm
2mn — 20l (|(pld) > 5 (3.135)

for somen € Z and somem € {0,1,..., P—1}. Note that Re (I(—|(;])) = 0 and Re (I(|(p]7)) =
0.

Proof. For stability with respect to perturbations of period PT'(k) we need that for pT'(k) =
2mm/ P, the spectral elements A € o, have zero real part for all m € {0,1,..., P — 1}.

We examine ( € o, in the case where we have ellipse-like curves in the upper- and
lower-half planes, see Figure 3.7(d). As in Theorem 3.9.3, using symmetries we restrict
ourselves to ( in the upper-left quarter plane. Specifically we consider values of ( ranging
from —|(;| to |(pli. At —|¢|, pT(k) = —2i1(—|(|) and Re(\) = 0. As ¢ moves from —|(;| to
|Gpli, nT'(k) monotonically decreases (Lemma 3.9.1) until it reaches p,T'(k) = —2i1(|(p|i) at
¢ = IGli. At [Gli, Re(A) = 0.

Qualitatively, we have an ellipse-like curve beginning at —2i1(—|(|) +27n and extending
to —2i1(|(,|i) +2mn, see Figure 3.9(g,h). The only values of uT'(k) with Re(A) > 0 lie within
the range (2i1(|(p|i) + 2mn, 2i1(—|(;|) + 2wn). So if (2i1(|¢|i) + 2mn, 201 (—|(|) + 27n) C
(2, w)’ for some m € {0,1,..., P — 1}, then Re(\) = 0 for uT'(k) = 27m/P for all
me{0,1,...,P—1}.

Thus for stability we need the right-most edge of each of these ellipse-like curves to be
to the left of 27(m + 1)/P, and the left-most edge of each of these ellipse-like curves to be
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Figure 3.12: A plot of the superluminal rotational region of parameter space showing the
spectral stability with respect to various subharmonic perturbations. Parameter space is
rescaled using the elliptic modulus k& = 1/2/E, to show the extent of the curves as F — oc.
Solutions within the blue (light blue, green, yellow, red) region are stable with respect to
perturbations of one (two, three, four, five) times the period respectively.

to the right of 2rm/P for some m € {0,1,..., P — 1}. This gives us conditions (3.134) and
(3.135). O

These results are summarized in Figure 3.12. We choose to rescale parameter space using
the elliptic modulus k£ = \/Q/_E , to show the extent of the subharmonic stability regions as
E — oco. We only show regions for P = 1,2, 3,4,5 for the sake of clarity.

We see that there are many disjoint regions of subharmonic stability for each value of
P corresponding to the various choices for m. Within each disjoint region of stability for
same period perturbations (blue) there are P disjoint regions of stability with respect to
perturbations of P times the period. This follows directly from the conditions (3.134) and
(3.135). We note the possibility of solutions which are stable with respect to three times

the period of the solution but not with respect to two times the period of the solution. An
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example of what p7'(k) looks like in this case is shown in Figure 3.9(h) with ¢ = 2.1, F =
6.8, k = 0.542326. Indeed it is possible to have solutions which are stable with respect to p
times the period of the solution but not with respect to ¢ times the period of the solution for
any p > ¢ where ¢ { p. From Figure 3.12 we notice that if a solution is stable with respect to
perturbations of five times the period (red) it is stable with respect to either perturbations
of two times the period (light blue) or three times the period (green). This is proved by a

simple topological argument shown in Figure 3.11(b) and explained in the caption.
3.10 Conclusion

In this chapter, the methods of [27] are used to examine and explicitly determine the stability
spectrum of the stationary solutions of the sine-Gordon equation. As in [27], we demonstrate
that the parameter space for the stationary solution separates in different regions where the
topology of the spectrum is different. An additional subdivision of this parameter space is
found for superluminal waves when considering the stability of the solutions with respect
to subharmonic perturbations of a specific period. We find solutions which are stable with
respect to perturbations of p times the period but unstable with respect to ¢ times the period,

where p < q.
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Chapter 4
CONCLUSION AND FUTURE WORK

In this thesis, I have taken the next step in an ongoing research program of analyzing
the stability of periodic solutions of integrable equations. Our methods rely on the squared
eigenfunction connection [1] and the existence of an infinite sequence of conserved quantities,

as described below. Thus far, the following results have been obtained:

e The KdV equation. In [11], the squared eigenfunction connection was used to
establish the spectral stability of the periodic traveling waves of the KdV equation with
respect to perturbations that are bounded on the whole line (periodic, quasi-periodic,
or linear superpositions of such). This result was built on in [23] to establish the orbital
stability of these solutions with respect to subharmonic perturbations of any period,
using an extra conserved quantity as an appropriate Lyapunov function. This method,
employing all conserved quantities, was extended to establish the orbital stability of the
periodic finite-gap solutions of the equation in [26], again with respect to subharmonic

perturbations.

e The defocusing mKdV equation. In [26], the method of [11] was adapted to
the defocusing modified KdV equation to prove the spectral stability of the periodic

traveling waves with respect to bounded perturbations.

e The defocusing NLS equation. In [12], the squared eigenfunction connection was
employed to show the spectral stability of the stationary solutions of the defocusing
NLS equation. Orbital stability with respect to subharmonic perturbations is also

demonstrated in [12], again requires the use of an additional conserved quantity.
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e The focusing NLS equation. In Chapter 2 and in [27], the method of [11] and [12] is
used to examine the stability spectrum of the stationary solutions of the focusing NLS
equation. Because the underlying Lax pair is not self adjoint, the application of the
method does not simplify as it does for the above equations. Unbridled use of elliptic
function identities allows for the explicit determination of the spectrum, demonstrating
spectral instability for all stationary (non-soliton) solutions. We demonstrate that the
parameter space for the stationary solution separates in different regions where the
topology of the spectrum is different. An additional subdivision of this parameter space
is found when considering the stability of the solutions with respect to subharmonic
perturbations of a specific period, leading to the conclusion of spectral stability of some

solutions with respect to some smaller classes of physically relevant perturbations.

e The sine-Gordon equation. In Chapter 3 and in [25], the methods of [27] are used to
examine and explicitly determine the stability spectrum of the stationary solutions of
the sine-Gordon equation. As in [27], we demonstrate that the parameter space for the
stationary solution separates in different regions where the topology of the spectrum is
different. An additional subdivision of this parameter space is found for superluminal
waves when considering the stability of the solutions with respect to subharmonic
perturbations of a specific period. We find solutions which are stable with respect to
perturbations of p times the period but unstable with respect to ¢ times the period,

where p < q.

Many directions for future research remain. Building on the work in Chapters 2 and 3, I
hope to extend these results to study the transverse spectral stability of periodic traveling
waves in the Kadomtsev-Petviashvili equation [5,40,43]. Future work could also consider
the modified Korteweg-de Vries equation (mKdV) [69] the Benjamin-Ono equation [31], and
the Boussinesq equation [21] as well. Each of these equations come with different challenges,
and deriving a condition for the stability spectrum for elliptic solutions may not be as

simple as shown here. That said, the mKdV equation has Lax pairs in the AKNS form [1]
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similar to NLS and SG and the techniques used in this thesis should extend easily. For the
Benjamin-Ono equation, the Lax pair is defined in a piecewise manner, and for the Boussinesq
equation, the Lax pair is consists of three by three matrices instead of two by two matrices.
Using techniques of [12,26], another avenue of research is extending the spectral stability

results of Sections 2.9 and 3.9 to orbital stability [28].
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